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k-Center / k-Minimum Enclosing Balls

- Given a set of n points P in R% and an integer k, find a set of k
points (centers) X = {x;, ..., X, } € R% that minimizes:

fary(P,X) = max|[p — X(p)|

peP —

Closest point in X to p

X(p) € arg glel)rgllx —pll




k-Center / k-Minimum Enclosing Balls

Optimal solution in R<:
Claim 1: A sphere in R? is determined by d + 1 points.

Claim 2: A sphere with minimal radius enclosing a set of points in R% passes
through d + 1 points from the set.

Algorithm: Exhaustive search over all possible tuples (
circles, each determined by d + 1 points).

Running time: n9(@k)




Coreset for k-Center

« Input; (P, k,Q) where P € R% k is an integer and Q < (Rd)k.
1\ 0(4d)
e Qutput: CEPIC|=k (—) s.t.forevery q € Q:

fan(P,q) — far(C,q) < 0(€) - far(P,q)




Coreset for k-Center

°° o

ﬁl + €)-Coreset \

Algorithm:

1) Find optimal k-centers
(To find k ““clusters” and
the optimal radius OPT).

2) Compute 1-center coreset
for each cluster where

! = OPT. /

Total time: n2(dk)

Coreset size: k - (l)o(d)

€



Coreset for k-Center

-

(1 + €)-coreset
for k-center

~\

ﬁl + €)-Coreset \

Algorithm:

1) Find optimal k-centers
(To find k ““clusters” and
the optimal radius OPT).

2) Compute 1-center coreset
for each cluster where
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K-Minimum Enclosing Squares

- Given a set of n points P in R%, find a set of k points (centers)
X = {xq, ..., xx} € R% that minimizes:

fari(P,X) = max|lp — X(p)ll

peEP —_—

— Closest pointin X to p

X(p) € arg glel)rgllx — Plloo
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* Given K-minimum Enclosing Squares

K-Minimum Enclosing Squares = K-Center

where OPT = far,(P,X) = meapxllp — XDl o
p

-

-

We want to compute:
OPT = fary(P,X) = max|lp - X(p)I
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K-Minimum Enclosing Squares = K-Center

* Given K-minimum Enclosing Squares
» For each square, draw an enclosing ball

{Claim: OPT' <+/d - OPTJ




K-Minimum Enclosing Squares = K-Center
Proof: OPT' <+/d - OPT

OPT = maxllp—X(p)II i OPT = IggPX”p—X(p)”oo
pe

e ile=
RS

1) OPT < OPT (by deflnltlon)




K-Minimum Enclosing Squares = K-Center
Proof: OPT' <+/d - OPT

OPT = maxllp—X(p)II i OPT = lggPX”p—X(p)”oo
pe

OPT’
@

\/ R

1) OPT < OPT (by deflnltlon)




K-Minimum Enclosing Squares = K-Center
Proof: OPT' <+/d - OPT

OPT = maxllp—X(p)II i OPT = IggPX”p—X(p)”oo
pe

OPT’
@

= \ )2
’ i —®
{CIaim: OPT" S\/E-OPYJ \/

1) OPT < OPT (by deflnltlon)
2) OPT' < OPT"




K-Minimum Enclosing Squares - K-Center
Proof: OPT' <+/d - OPT

{Proof: OPT" <+/d - OPTJ OPT = lggPX”P - X(p)l|




K-Minimum Enclosing Squares = K-Center
Proof: OPT' <+/d - OPT

OPT = maxllp—X(p)II i OPT = lggPX”p—X(p)”oo
pe

OPT’
@

\/ R

1) OPT < OPT (by deflnltlon)
2) OPT' < OPT"




K-Minimum Enclosing Squares = K-Center
Proof: OPT' <+/d - OPT

OPT = max|| — X || ! OPT = max||p — X()|l
1) OPT < OPT (by deflnltlon) pE P (P) . pEP

2) OPT' < OPT" i
3) OPT" <~d - OPT i / \.\ ; ®
i i @ OPT
i o] \ T




K-Minimum Enclosing Squares = K-Center
Proof: OPT' <+/d - OPT

OPT = max|| — X || ! OPT = max||p — X()|l
1) OPT < OPT (by deflnltlon) pE P (P) . pEP

2) OPT' < OPT"

3) OPT" < /d - OPT / \.\ ; ®
| | 0
| OPT | ‘&T,
: ! ‘OPT
" OPT i .




More Formal: k-Squares — k-Centers

Claim 1:

far,(P,q) < far,(P,q) <Vd - far,(P,q)
Proof of claim 1:

far,(P,q) = max||lp — qlle
pEP

< —_ =
< maxllp —qll, = far;(P,q)

= max/(p(1) — q(1))” + -+ (p(d) — q(d))?

< r}glg}g(\/d - ml.c”:lX(P(i) —q(i))?

=/d - max (ml_axlp(l') —q@D

=d- max(llp — qlle) = Vd - far,(P,q)

-

Definitions:

qeqQ

qeqQ

\_

far,(P,q) = maxllp — ql|,
OPT, = argmin far,(P, q)

fare(P,q) = rgggllp — qllw
OPT,, = argmin far,(P,q)

~

/




More Formal: k-Squares — k-Centers

Claim 2:

An a-approximation for k-squares is an O (a - v'd)-approximation for k-centers.

Proof of claim 2:

Let a,, be the a-approximation for k-squares = far,(P,ax) < a - far,(P,0PTy ).
— far,(P,as) < Vd - fare (P, aw) (Right side of Claim 1)
< avd - far,(P,0PT, ) (Definition of a.,)
< aVd - far,(P,0PT,) (Definition of OPT,,)
< avd - far,(P,0PT,) (Leftside of Claim 1)



e-net (d=1)

* Input: P<R,Q ={[a,b]| a,b €ER,a < b}
» Output: CcP,|C| :i s.t.forevery q € Q:
Vanllcnm
— <€
Id |C]
q = [an] a b
| |
D0 .0 O OO 00O
IPng| 3 1 How should we pick the subset C?
Pl 9 3 We need C to have the same percentage of points in [a, b] as P.

— we want to “sample points” uniformly from P.



e-net (d:].) /Alqorithm: A
Assume p; < pp, < - < p,
Example: 1 I ={len], [2¢en], ..., [n]}
1 — .l
E=§,n=9 C = {p;li € I}. Y
S
len] |2en] |3en]|
Claim 1: Assume |P n q| = k. By the construction of C we
get that: { ‘ <|Cng|< LJ
k
cnal _ ]_ k] -k - |PnCI|_|CnCI|
Claim 2: ] _ICI €= _n+e P Cl <€
Claim 3; 19000 5 Lexl _ (2 52, K
|C| |C| Len n —




e-net (d=2)

Example:
y 1
1 e=§,ny=9,nx=9

/Alqorithm: \

1) Partition the points into E‘

subsets by their sorted

y-coordinate
2) Compute an e-net C; for the

it" subset for every i € E‘

QReturn C=U;( /
1 d
€




e-net (d=2)

y
“ |C]

||Pﬂq|_|Cﬂq|
|P|

/Alqorithm:

< .
=€ subsets by their sorted

y-coordinate

it" subset for every i €

QReturn C=U;(

1) Partition the points into E‘

2) Compute an e-net C; for the

Al

™

/

Time=0 ("—

- o((;



e-net time analysis

Algorithm for computing the e-net:

Assuming there is an algorithm for finding the element with rank=k in an
unsorted set of n points:

P :
—1 Find kt" element | k" elementin P
k ] —
— algorithm
O(n)

- Find the |en]t" point using this algorithm in 0 (n) time. —

11 ,-
- Repeat -] times.
u _ _ — Total time: O ("—d).
- Repeat for every dimension. ¢




e-net (d=2)

y k = 1 squares #Points in block < e’n

#Bad blocks < f

l

#Bad points < en




e-net (d=2)

y k squares #Points in block < €2n

#Bad blocks < k%

|:| #Bad points < ken

]




Coreset for k-Center - Streaming

(1+ €)'°8™ — coreset

for the whole data

[
logn layers @

(1 + €) — coreset
for P, U P,

Black
Box

Py P,

Black
Box

P, |Pl=m
—

(1 + €) — coreset
for P; U P,

Black

Box

P,

Cost function: f

\_

|P|

for P,|C| < >

Output: A (1 + €)-(core) set C

/

Smallest input size: m = Zk(

Output (coreset) size: % = k(

Black box running time:

) o(d)
)

€

1)0(d)

Tpp = mO@l = (k e))o(ﬂk)

[In[:_)ut: Aset P Black )
Query space: Aset Q| Box C |C| =
—p



Coreset for k-Center - Streaming

—_

(1+ €)'°8™ — coreset

for the whole data m
2
. A
logn layers @
P Black
Box _
(1 + €) — coreset (1+ €) — coreset

for P, U P, for P; U P,

Final error:
— (1+e)°8" =1 +¢€-logn
— Define € = —— and run the process

logn
with €’ instead of € to get a
(1 + e)-approximation.

Total running time:

n'TBBZn'<k<

" 0(d?*k)

E’

)

logn

n o

Black Black
Box Box

(1 (22"

€



Coreset for k-Center - Streaming

Problem: What if n (the number of input data) is unknown or infinite?

Solution: Doubling. (start with a small tree, then double the size).

Only this
coreset survives log n coresets (roots)
Only this + log n coresets in the
coreset survives last tree
Ifn> 128 If n > 2k '
We start a We start a
new tree 4 kK newtree
XX
/ 3V
/
Streaming tree Streaming tree Streaming tree

k -
for 128 points for 256 points for 2% points



