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Dynamic Data with Insertions and Deletions

Coreset for P

2—3—4tree

Coreset forP; U P,

Coreset/for P; Coreset for P,

Coresetfor P,  Coreset for P,

* Data points
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Dynamic Data with Insertions and Deletions

Coreset for P

2 —3 —4tree Need to update all the
coresets that depend on x.
#BadCoresets = Tree height = O(logn)
Coreset fg Coreset for P, U P, =) Time = O(logn - coresetTime)

Coresetfor P,  Coreset for P, Coreset/for P; Coreset for P,

A

1 2

del(x)
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Dynamic Data with Insertions and Deletions

Coreset for P

2 —3 —4tree Need to update all the
coresets that depend on x.
#BadCoresets = Tree height = O(logn)
Coreset fg Coreset for P, U P, =) Time = O(logn - coresetTime)

To update a coreset at some node v,
all the coresets in subtree(y) are

Coresetfor P,  Coreset for P, Coreset/for P3 Coreset for P, needed.

‘ ‘ ‘ ‘ s 0= O(n -coresersiee

1 2

del(x)

3



Re-use of the coreset for 1-center

Reminder:

*We learned about coreset for 1 — center.
- Given P, Q in R%, such coreset C € P guarantee that for every q € Q:

— < — . —
gte%xllp qll < max|ic — ql| + 0(e) gteclluxllp qll

O
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Re-use of the coreset for 1-center

Reminder:

*We learned about coreset for 1 — center.
- Given P, Q in R%, such coreset C € P guarantee that for every g € Q:

max||p — q|| < max|[c — q|| + 0(¢e) - max|[p — q|
ceC peEP

peEP
Question:
G Tee Can we use the same
T~ coreset for other

S ' .
@By [[er problems/functions?




Re-use of the coreset for 1-center

Question:

Reminder:

Can we use the same
coreset for
Sum of distances ?

- Given P, Q in R%, such coreset C € P guarantee tn: foi ...y g € Q:

*We learned about coreset for 1 — center.

max||p — q|| < max|[c — q|| + 0(¢e) - max|[p — q|
ceC peEP

peEP
Question:
G Tos 1o 1 Can we use the same
\ °

S coreset for other
BN [[er problems/functions?




Re-use of the coreset for 1-center

Re Question: Question:

Can we use the same

Can we use the same
coreset for

coreset for enter. :
Sum of distances ?
Sum of squared fCCp ¢ . € 0
distances ? e C guarantee i Orc.oy g Q
T < maxl|lc — + 0(€) - max|lp —
o qll <maxlic —qll + 0(e) - maxlip — q

Question:

. Can we use the same
T - coreset for other
o= ] problems/functions?

) =

v/




Re-use of coreset for 1 — center
Coreset for sum of distances ?

- Glven coreset for 1 — center, what error we get If we use It to measure

sum, Instead of max, of distances ?

* ¢, = The representative of p

~

*Vce(l, w(c):= |{pEP|cp =c}|
p
Claim:
vaeQ: ) lIp-qll <) w(©lc-qll+n- 0 maxip - ql

\

peEP ceC

)




Re-use of the coreset for 1-center

Coreset for sum of distances - Proof
* ¢,>= The representative of p

‘Vcel, w(c):= |{p €EP|c,= c}|
* coreset for 1 — center implies that

VpeP,qeQ: llp—qll <|c, —q| + 0 -max|lp — q|



Re-use of the coreset for 1-center

Coreset for sum of distances - Proof
* ¢,>= The representative of p

‘Vcel, w(c):= |{p €EP|c,= c}|
* coreset for 1 — center implies that

VpeP,qeQ: llp—qll <|c, —q| + 0 -max|lp — q|

Vq € Q: lep —qll < 2 (Ilcp —q| + 0(e) -max|lp - qll)

peEP peEP

— — .0 : —
;nc,, all +n- 0(e) - maxp - q

_ Z w(©)llc — qll + - 0(€) - maxllp — q|
peEP

ceC



Re-use of the coreset for 1-center

Coreset for sum of distances - Proof
* ¢,>= The representative of p

VeEeC, w()=|{pr Question:

* coreset for 1 — cent Can we use the same o

VpeEPqgeQ coreset for waxlp — g
Sum of distances ? pEP P—Aq
Va4 € zllp —all s 2 (|' p— 4| + 0(e) - max|lp - qll)
pPEP pEP P

— — .0 : —
;nc,, all +n-0(e) - maxllp - ql

— Z w(©)llc - qll + n- 0(€) - max|p — q|
peEP

ceC



Re-use of the coreset for 1-center
Coreset for sum of squared distances ?

- Glven coreset for 1 — center, what error we get if we use it to measure sum
of squared, instead of max, distances ?

* ¢, = The representative of p

* Let’s look at the error:

VpEP,qEQ: ‘Ilp—qll2 ~ |ley — all’

2
Ipll> + liqli> —2 - pTq — ||c,||” — llqll> + 2 - clq

Ipli2 = |lepll* +2 - (c, — )
77
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Re-use of the coreset for 1-center
Coreset for sum of squared distances ?

- Given coreset for 1 — center Question: ~Measure sum

of squared, instead of max, ¢
*Cp = The repfesentati\ Can we use the same x
coreset for

Sum of squared
distances ?

* Let’s look at the error:

VPERqEQ:WP

2
Ipll> + lIqli> " z-p"q—||c,||” = llqll> + 2 - clq

Ipli2 = |lepll* +2 - (c, — )
77
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Motivation

M-estimators:
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Cauchy. .o (x)

Motivation

M-estimators:
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Motivation

M-estimators:
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Distance Function (Metric)

* A distance function is a function that defines a distance between each pair of
elements of a set X
d:X XX — |0,0)

» A distance function satisfies the following conditions for every x, v,z € X:
1) d(x,y) =0and d(x,y) = 0 & x =y non-negativity axiom.

2)d(x,y) =d(y,x) symmetry.
3 d(x,z) <d(x,y) +d(y,z) triangle-inequality.




Distance Function (Metric)

* llustration:

d(x,y)=d(y,x)

d(yz)



Metric Space

» A metric space Is an ordered pair (X,d) where X isasetand d: X X X — [0, o0)
IS a distance function on the set X.

Metric space (R, dy),
Vx,y € R*:do(x,y) = lIx = ¥lloo

Metric space (R, d), Metric space (R, d,),
vx,y € R*:d(x,y) = llx—yll, 4 4 Avx,y €R*:di(x,y) = llx =yl
f o » : U : > ol NS




Definitions

1) Log-Log Lipschitz:

2)

A monotonic non-decreasing function D: [0, c0) — [0, c0) satisfies the
Log-Log Lipschitz condition if there is » > 0 such that for every x > 0 and
A > 1 it holds that:

D(Ax) < Ar\p (x)

Lipschitz constant

Weak triangle inequality:

Let D: X X X — [0, 00). The function D satisfies the weak triangle inequality if
there is p > 0 such that for every (p,p’, ¢) € X3 the following holds:

D(p,c) < p(D(p,p") +D(p’,0))



Definitions

3) Property 1.

Let D: X X X — [0,00). For every ¢ € (0, %) there is a real ¢ = 0 such that

for every (p,p’,¢) € X3 it holds that
|D(p,c) —D(',c)| < ¢D(p,p") + YD(p, )



Main Claims

Let (X, dist) be a metric space and let f: [0, 00) — [0, o) be a function that
satisfies the Log-Log Lipschitz condition.

Define far: X% - [0, ) to be a mapping from every p,c € X to

far(p,c) = f(dist(p,c))

* Claim 1:

The function far satisfies the weak triangle inequality for p = max{2"~1, 1}, i.e,
for every p,q,c € X3:

far(p,q) < p(far(p,c) + far(c,q))




Main Claims

» Proof of Claim 1:

Let x = dist(p,c), vy = dist(c,q), z = dist(p, q). Need to prove for
p = max{2""1, 1} it holds that:

far(p,q) = f(2) <p-(fX) +f®) =p - (far(p,c) + far(c,q))



Main Claims

» Proof of Claim 1:

Let x = dist(p,c), vy = dist(c,q), z = dist(p, q). Need to prove for
p = max{2""1, 1} it holds that:

far(,q) = f(2) < p-(f(x) + f) = p- (far(p,c) + far(c,9))

By the triangle inequality and the fact that f (Ax) < A" f(x), for every w € (0,1) it
holds that:

fOsfx+y)=w-fx+y)+(1-w) flx+y)



Main Claims

» Proof of Claim 1:

Let x = dist(p,c), vy = dist(c,q), z = dist(p, q). Need to prove for
p = max{2""1, 1} it holds that:

far(,q) = f(2) < p-(f(x) + f) = p- (far(p,c) + far(c,9))

By the triangle inequality and the fact that f (Ax) < A" f(x), for every w € (0,1) it
holds that:

fOsf+y)=w-fx+y)+(1-w) f(x+y)
<w .f(x(x+y)) +(1-w) .f(y(x+y))

X y




Main Claims

» Proof of Claim 1:

Let x = dist(p,c), vy = dist(c,q), z = dist(p, q). Need to prove for
p = max{2""1, 1} it holds that:

far(,q) = f(2) < p-(f(x) + f) = p- (far(p,c) + far(c,9))

By the triangle inequality and the fact that f (Ax) < A" f(x), for every w € (0,1) it
holds that:

fOsf+y)=w-fx+y)+(1-w) f(x+y)
<w-f (x(xx+y)) +(1-w) .f(y(x+y))

y

Log-Log Lipschitz <w-f(x) (x+)I) + (1 —-w)f(y) (x+y)



Main Claims

» Proof of Claim 1:

Let x = dist(p,c), vy = dist(c,q), z = dist(p, q). Need to prove for
p = max{2""1, 1} it holds that:

far(,q) = f(2) < p-(f(x) + f) = p- (far(p,c) + far(c,9))

By the triangle inequality and the fact that f (Ax) < A" f(x), for every w € (0,1) it
holds that:

fOsf+y)=w-fx+y)+(1-w) f(x+y)
<w-f (x(xx+y)) +(1-w) .f(y(x+y))

y

Log-Log Lipschitz <w-f(x) (x+)I) + (1 —-w)f(y) (x+y)

= (x + y)r (‘U f(x) (1- 0;)]:(3/))




Main Claims

» Proof of Claim 1:

Let x = dist(p,c), vy = dist(c,q), z = dist(p, q). Need to prove for
p = max{2""1, 1} it holds that:

far(,q) = f(2) < p-(f(x) + f) = p- (far(p,c) + far(c,9))

By the triangle inequality and the fact that f (Ax) < A" f(x), for every w € (0,1) it
holds that:

fOsf+y)=w-fx+y)+(1-w) f(x+y)
<w-f (x(xx+y)) +(1-w) .f(y(x+y))

y

Log-Log Lipschitz <w-f(x) (x+)I) + (1 —-w)f(y) (x+y)
=(x+y)" (w [ (- w)f(y))
oy siing 0 = 75 =(E2) - rw+£0)




Main Claims

Let (X, dist) be a metric space and let f: [0, 00) — [0, o) be a function that satisfies
the Log-Log Lipschitz condition.

Define far: X% - [0, ) to be a mapping from every p,c € X to

far(p,c) = f(dist(p,c))

* Claim 2:

r
The function far satisfies property 1 for every ) € (O, %) and ¢ = max {(i) ,1}



Main Claims

» Proof of Claim 2:

. . . 1 r\7
Let x = dist(p,c), y = dist(c,q), z =dist(p,q), P € (O, E) and ¢ = (E) .
Need to prove that:

far(p,c) — far(c,q) = f(x) = f(¥) < ¢f(2) + Pf(x) = ¢pfar(p,q) + Yfar(p,c)
Assume f(x) > ¢f(z), otherwise Claim 2 holds trivially.




Main Claims

» Proof of Claim 2:

. . . 1 r\7
Let x = dist(p,c), y = dist(c,q), z =dist(p,q), P € (O, E) and ¢ = (E) .
Need to prove that:

far(p,c) — far(c,q) = f(x) — f(¥) < ¢f(2) + Yf(x) = ¢far(p,q) + Yfar(p,c)
Assume f(x) > ¢f(z), otherwise Claim 2 holds trivially.

X

By the Log-Log Lipschitz it holds that f(x) = f (y - ;) < (i)r - f(y)



Main Claims

» Proof of Claim 2:

. . . 1 r\7
Let x = dist(p,c), y = dist(c,q), z =dist(p,q), P € (O, E) and ¢ = (E) .
Need to prove that:

far(p,c) — far(c,q) = f(x) — f(¥) < ¢f(2) + Yf(x) = ¢far(p,q) + Yfar(p,c)
Assume f(x) > ¢f(z), otherwise Claim 2 holds trivially.

X

By the Log-Log Lipschitz it holds that f(x) = f (y - ;) < (i)r - f(y)
r

> fO) = f@-(2)



Main Claims

» Proof of Claim 2:

. . . 1 r\7
Let x = dist(p,c), y = dist(c,q), z =dist(p,q), P € (O, E) and ¢ = (E) .
Need to prove that:

far(p,c) — far(c,q) = f(x) — f(¥) < ¢f(2) + Yf(x) = ¢far(p,q) + Yfar(p,c)
Assume f(x) > ¢f(z), otherwise Claim 2 holds trivially.

X

By the Log-Log Lipschitz it holds that f(x) = f (y - ;) < (i)r - f(y)
r

> fO) = f@-(2)
Hence, () — f() < f() - (1= (%)),

X



Main Claims

» Proof of Claim 2:

Hence, £(x) = f() < f(0 - (1- (%))

Forevery w = 0O itholdsthat 1 — w" < r(1 — w).




Main Claims

» Proof of Claim 2:

Hence, () — f(y) < f(x) (1 g ),
Forevery w = 0O itholdsthat 1 — w” < (1 — w).

S f@) = F0) < f() (1 - (%)) <f@-r(1-2)

X



Main Claims

» Proof of Claim 2:

Hence, () — f(y) < f(x) (1 g ),
Forevery w = 0O itholdsthat 1 — w” < (1 — w).

S F) - f() < f(x) - (1 - (%)) <f@-r(1-2)

X
= f (=)

X




Main Claims

» Proof of Claim 2:

Hence, () — f(y) < f(x) (1 5 ),
Forevery w = 0O itholdsthat 1 — w” < (1 — w).

169100 276 (1- () ) 270911
= 1@ 1 (57) 1601 (3)

Triangle
inequality



Main Claims

» Proof of Claim 2:

Hence, f(x) — f() < f(x) - (1
For every w = 0 it holds that 1 —

5 f@) — F00) < fG) (1 -(
) 01 ()

= feo -
+<f0-rer

/Assumption:

¢T
decreasing

<r(l-w).

) <o

o

#f(2) < ()
*fCT>S¢ﬂ@<f@)
g[)?

— 2 < 7 < x since f is non-




Main Claims

» Proof of Claim 2:

Hence, /() — f() < f(x) - (1
For every w = 0 it holds that 1 —

S fQ) — ) < f@) - (1 -(
0.1 (22) 10013
+ 2160797 <o

Since ¢ = (%)r

/Assumption:

¢T
decreasing

<r(l-w).

) <roo

o

#f(2) < ()
*fCT>S¢ﬂ@<f@)
g[)?

— 2 < 7 < x since f is non-




Main Claims

» Proof of Claim 2:

Hence, () — f(y) < f(x) (1 % ),
Forevery w = 0O itholdsthat 1 — w” < (1 — w).

y

- ()~ ) < () (1 - (;)) <fr(

= F(x)- r(x;y)<f(x) r(3)

/Assumption:

¢T
decreasing

o

#f(2) < ()
*fCT>S¢ﬂ@<f@)
g[)?

Z

- —< ¢r

X

™

— 2 < 7 < x since f is non-

1

/

+<fe0- rr <Yf0) < of(2) + $f ()

Since ¢ = (;)r

Y
X



Main Claims

Let (X, dist) be a metric space and let f: [0, 00) — [0, o) be a function that satisfies
the Log-Log Lipschitz condition.

Define far: X% - [0, ) to be a mapping from every p,c € X to

far(p,c) = f(dist(p,c))

» Claim 3: (Tighter bound than in Claim 2)
The function far satisfies property 1 for every y € (O, %) and

¢ = max {(%)r_l , 1} ifr>1.



General Bi-creteria Algorithm

CICRETERIA (P.dist.€,.a.B): \
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1) Compute Y;: a G,%, a,ﬁ)-app‘rox
for the specific problem (P;, dist).
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General Bi-creteria Algorithm

ﬁmRETERIA (P.dist.€,.a.B): \

1) Compute Y;: a G,%, a,ﬁ)-approx
for the specific problem (P;, dist).

@
2) Compute G;: the [1 3171
points p € P; with smallest value
dist(p,Y;).
@
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General Bi-creteria Algorithm

ﬁmRETERIA (P.dist.€,.a.B): \

1) Compute Y;: a G,%, a,ﬁ)-approx
for the specific problem (P;, dist).

2) Compute G;: the [1 3171

points p € P; with smallest value
dist(p,Y;).

\_ %

QO
ot s
O
@
@
@

O
@
‘ II Y2
O



General Bi-creteria Algorithm

@'RETERIA (P.dist.€,.a.B): \

1) Compute Y;: a G,%, a,ﬁ)-approx
for the specific problem (P;, dist).

1 3|P|

2) Compute G;: the[

points p € P; with smallest value
dist(p,Y;).

3) Remove G; from the set of point:

P,,1 =P/\G;andgoto (1) if

\I 1] = 20. /

@
C--"+ V1
O
O
O
O

Y ={ys
@)
@)
@



General Bi-creteria Algorithm

@'RETERIA (P.dist, €, a, B): \

1) Compute Y;: a G,%, a,ﬁ)-approx
for the specific problem (P;, dist).

@
2) Compute G;: the [1 3171
points p € P; with smallest value
dist(p,Y;).
3) Remove G; from the set of point: ®

P,,1 =P/\G;andgoto (1) if

\I 1] = 20. /
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1) Compute Y;: a G,%, a,ﬁ)-approx
for the specific problem (P;, dist).

@
2) Compute G;: the [1 3171
points p € P; with smallest value
dist(p,Y;).
3) Remove G; from the set of point: ®

P,,1 =P/\G;andgoto (1) if

\I 1] = 20. /




General Bi-creteria Algorithm

KICRETERIA (P.dist.€,.a.B): \

1) Compute Y;: a G,%, a,ﬁ)-app‘rox
for the specific problem (P;, dist).
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General Bi-creteria Algorithm

KICRETERIA (P.dist.€,.a.B): \

1) Compute Y;: a G,%, a,ﬁ)-app‘rox
for the specific problem (P;, dist).

\_ %

YZ = {yl, cee



General Bi-creteria Algorithm

ﬁmRETERIA (P.dist.€,.a.B): \

1) Compute Y;: a G,%, a,ﬁ)-approx
for the specific problem (P;, dist).

2) Compute G;: the [1 3171

points p € P; with smallest value
dist(p,Y;).

\_ %

YZ = {yl, ’yﬁ }



General Bi-creteria Algorithm

ﬁmRETERIA (P.dist.€,.a.B): \

1) Compute Y;: a G,%, a,ﬁ)-approx
for the specific problem (P;, dist).

2) Compute G;: the [1 3171

points p € P; with smallest value
dist(p,Y;).

\_ %

YZ = {yl, ’yﬁ }



General Bi-creteria Algorithm

@'RETERIA (P.dist, €, a, B): \

1) Compute Y;: a G,%, a,ﬁ)-approx
for the specific problem (P;, dist).

Q
2) Compute G;: the [1 31P1 -
points p € P; with smallest value +—--0
dist(p,Y;). ,
3) Remove G; from the set of point: O

P,.; =P;\G;andgoto (1) if

\I 1] = 20. /

YZ = {yl,

573



General Bi-creteria Algorithm

YZ = {yl, ’yﬁ }
KICRETERIA (P.dist.e.a.B): \

1) Compute Y;: a G,%, a,ﬁ)-approx
for the specific problem (P;, dist).

1 3|P|
2) Compute G;: the [ V4 +y2
points p € P; with smallest value +
dist(p,Y;).
3) Remove G; from the set of point: @
P,.; =P;\G;andgoto (1) if O

\I 1] = 20. / O




General Bi-creteria Algorithm

@'RETERIA (P.dist, €, a, B): \

1) Compute Y;: a G,%, a,ﬁ)-approx
for the specific problem (P;, dist).

1 3|P|

2) Compute G;: the [

points p € P with smallest value
dist(p,Y;).

3) Remove G; from the set of point:
P,.; =P;\G;andgoto (1) if

\I 1] = 20. /

Y=Y,UY,U-U

Y;



General Bi-creteria Algorithm

* Claim:

The algorithm BICRETERIA(P, dist, €, «, ) returns an
(0(a), 0(B logn))-approximation.




General Bi-creteria Algorithm

* Claim:

The algorithm BICRETERIA(P, dist, €, «, ) returns an
(O(a), O(fB log n))-approximation.

.

Need to prove log n recursive iterations,
each returns an (a, 8)-approximation




General Bi-creteria Algorithm

* Claim:

The algorithm BICRETERIA(P, dist, €, «, ) returns an
(O(a), O(fB log n))-approximation.

.

Need to prove log n recursive iterations,
each returns an (a, 8)-approximation

* Proof:




Let V* be any set of k points in R¢



Let V* be any set of k points in R¢



Let V* be any set of k points in R¢

®
® O © ©
O O o

- @

¢ O

O O o @
@ ®
O O

Consider Y; that is constructed during the it" iteration



Apoint b € P Is bad for Y;, If:

O
® o © o
O O o
O
O
O
O O O
O

O

b
O

dist(b,Y;) > 2 - dist(b,Y™)



A point g € P Is good for Y; otherwise:

®
J 9 © o
Of@ o
®
®
O
o ®
O
0® O
O

dist(g,Y;) < 2 -dist(b,Y")



Main Technical Theorem

We can map every bad point b € P; to a distinct good point g € P;, 4



dist(b,Y) < dist(b,Y;), because Y; €Y.
Sincebe P;andg € P, :
dist(b,Y;) < dist(g,Y;)

Since g Is good for Y; :
dist(g,Y;) < 2-dist(g,Y™)



dist(b,Y) < dist(b,Y;), because Y; €Y.
Sincebe P;andg € P, :
dist(b,Y;) < dist(g,Y;)

Since g Is good for Y;
dist(g,Y;) < 2 -dist(g,Y")

L

dist(b,Y) < 2 -dist(g,Y")



Bi-Criteria for k-Median

2 dist(p,Y) = z dist(g,Y) + Zb: dist(b,Y)

peP

< z 2 -dist(g,Y") + Z 2 -dist(g,Y")
g g

< z 4 - dist(g,Y™")
g



Proof of the Technical Theorem

* The number of bad points Is at most:
14
B1=5
2
The number of good points in Y;, 4 IS at most:
Yl Y]

i1l — |B| = 5 3

= |BJ



Y|

Claim: Only B, = o points are bad for g € Y;
O
© o ° e
O O o
® O
O
O O

dist(p,q) < 2 - dist(p,q")



B,: the closest points to g*



B,: the closest points to g*

B, contains g € Y; (ﬁ — net)



For every yellow point p € P\B,:

O
O O © o
O O o
0 O
O
0 O
O
Op

dist(p,q) < dist(p,q*) + dist(q*, q)
< 2-dist(p,q*)



All the yellow points are good for Y;

O
O O © o

O O o
0 O

O
0

O

Op

dist(p,q) < 2 - dist(p,q*)



Only the black points B, are bad for Y;



