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Reminder, why do we need sensitivity

Query space , N Coreset

Query space

(P, w,Q,f)

(P,w,Q.f)

Query space

(P, w,Q,f)

Coreset

\. J

(C,p),C<P,|C| <[P

Sample a subset of “important” points.

Compute
“importance”/ “sensitivity”

for each point

Sensitivity
S:P Xw— [0,)s.t.

J

G

S(p) > o) - f(p.q) We will now

max focus on this
4€Q Lpyrep @(P) - (P, @) block

Helps compute the importance for each input points by
a reduction to a simpler problem

Rough approximation for the
optimal solution
(a, B)-approximation

A candidate solution to the problem

J

with provable guarantees.



Sensitivity

* Let (P,Q,w,f) be aquery space, where f: P X Q — [0, 00).
For every p' € P. The sensitivity o(p") of p’ is defined as :

o) = sup w®)f @’,q)
2pep WD) (D, q)

where the sup is over every g € Q with Y,cp w(p)f(p,q) > 0.

* The total sensitivity of P Is

G(P) = ) o(p)

peP



Sensitivity

‘Let (P,Q,w, f) be aquery space, where f: P X Q — [0, o).
For every p’ € P. The sensitivity o(p’) of p’ is defined as :

o) = sup w®)f @', q)
2pep WD) (D, q)

where the sup is over every q € Q with .., w(p)f(p,q) > 0.

* The total sensitivity of P Is

G(P) = ) o(p)

peP

The sensitivity of a function (point) measures how influential
that function (point) is on the optimization problem.




Sensitivity intuition

Consider the 1-median problem.



Sensitivity intuition

Consider the 1-median problem.

a(p,) should be small

o(p,) should be large



Sensitivity intuition

o(p,) should be large
Consider the 1-median problem.

@
a(p,) should be small
f(p1,q)
O @‘ O-(pl)ZZpEPf(p:CI) !
o 2o
O f(p2,q) fa@)

0) O 7(p2) = sup 2pep f (0, Q) N fa)



Coreset for the Threshold Problem

Let P € R be a set of n points.

* * * * Kk * * X * *



Coreset for the Threshold Problem

Let P € R be a set of n points.

Query: Threshold x (number).
Cost function: Foreveryp € P: f(p,x) = 1(p = x)

Output: ¥ep £ (p, )

x * * * % k|x * X * %




Coreset for the Threshold Problem

Let P € R be a set of n points.

Query: Threshold x.
Cost function: Foreveryp € P: f(p,x) = 1(p = x)

Output: ¥ep £ (p, )

x * * * % k|x * X * %

$(p) = max f(p,x)
XER Zp’ep f(p,rx)




Coreset for the Threshold Problem

Let P € R be a set of n points.

Query: Threshold x.
Cost function: Foreveryp € P: f(p,x) = 1(p = x)

Output: ¥ep £ (p, )
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$(p) = max fe,x) 1
P XER Zp’ep f(p’rx) Zp’ep 1(p, = p)




Coreset for the Threshold Problem

Let P € R be a set of n points.

Query: Threshold x.
Cost function: Foreveryp € P: f(p,x) = 1(p = x)

Output: ¥ep £ (p, ) 5

* % * * % x| f % F %
1 111
n—i 3 2

1
z s(p) = 2 ==In(n) = 0(logn)

pDEP i€[n]



Coreset for the Threshold Problem (2)

Let P € R be a set of n points.

Query: Threshold x rightor left (r =1/ r = 0).
. _ (1p=zx) ifr==1
Cost function: Foreveryp € P: f(p,x,1) = {1(p <) ifr==0

OUtpUt: ZpEP f(P; X, T') 5

* * x| % * x| % * X * *




Coreset for the Threshold Problem (2)

Let P € R be a set of n points.

Query: Threshold x rightor left (r =1/ r = 0).

: 1(p > if
Cost function: Foreveryp € P: f(p,x,1) = { (p=x) ifr

OUtpUt: ZpEP f(P; X, T')

* Kk k| Kk ok k| K * * kX K

s(p) = max [ x,7)
p xER,rE{O,l}Zp,EPf(p', X, T)




Coreset for the Threshold Problem (2)

Let P € R be a set of n points.

Query: Threshold x rightor left (r =1/ r = 0).

: 1(p > if
Cost function: Foreveryp € P: f(p,x,1) = { (p=x) ifr

OUtpUt: ZpEP f(P; X, T')

3)
X Kk k| k kx| % * k k *
s@) = max <JBED g, SExD o f@x0

< max ax
x€RTE01} Y rep f(P',%,1) T xR X yep f(P',x, 1) x€R X vep f(p', %, 0)



Coreset for the Threshold Problem (2)

Let P € R be a set of n points.

Query: Threshold x rightor left (r =1/ r = 0).

: 1(p > if
Cost function: Foreveryp € P: f(p,x,1) = { (p=x) ifr

OUtpUt: ZpEP f(P; X, T')

3)
X Kk k| k kx| % * k k *
s@) = max <JBED g, SExD o f@x0

< max ax
x€RTE01} Y rep f(P',%,1) T xR X yep f(P',x, 1) x€R X vep f(p', %, 0)
< logn +logn = O(logn)



Coreset for the Convex Function

Let P € R be a set of n points.

Query: function g: R — R that Is decreasing then increasing. q

Cost function: For every p € P: f(p,q) = |q(p) — p|
Output: Yo,cp f (1, @)
AN
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Coreset for the Convex Function

$(p) = max f(,q)
4 2yrep f(P' Q)




Coreset for the Convex Function

s(p) = max

f,q)

4 Lyrepf(0,9)

< X

f

f(p,q)

T 2pisp F @' Q)
f(r.q)

T 4 Lpr<p f(P Q)

ifp=p

ifp<p




Coreset for the Convex Function

( AT
- f(p CI) q Zp’Zp f(p" CI)
@) = maXZprepf(p D f(,q)

max ifp<p
4 Lpr<p f(P Q) q

[ f.e) . A
2prsp f (0, 0) fp=p

\
\ 1 fo.q) P
2y f (0 Q)

ifp=p




Coreset for the Convex Function

i) P
5(p) = max fo.0  _ | @ Zpepf0h)
a4 Lpep @@ max f® q) P
Zp’<pf(p CI)
[ fb) )
_ 2o 0.0 Tp=p
B f(p,q) Fp <
Zprep (0 D)

{1 1 }
< min
i'n—i1}




Coreset for the Convex Function

5(p) = max f.q) -,

Zp’EPf(P q)

f fo.9) A
T Sy [ Q) Tp=p
f(p,q) . .
S f ) PSP
[ fb) )
Zp’pr(p'CI) lfp = P
f(p,q) o<

{1 1 }
< min
i'n—i1}

- Z s(p) = 0(logn)

peP

L z:p’sp f(pr CI)




Sensitivity for Clustered Data

Let:
- P Ppk € R% be f3 - k centers.

- Pi o {pi,pi, ...,pi}, |Pl| — ﬁ

- P=P,UP,U-UPg, *Pﬁk



Sensitivity for Clustered Data N

Let:

- P Ppk € R% be f3 - k centers.
- Pi o {pi,pi, ...,pi}, |Pl| — ﬁ

- P=P1UP2U”‘UPB,R

Query: a function q.
Cost function: Forevery p € P: f(p,q) = dist(p,q)

Output: ). ,cp f (p, q)



Sensitivity for Clustered Data N

Let:
- D1 Pgk E R%be -k centers

- Py ={py,pi, ... 0}, || =
- P=P,UP,U-UPpy

pr

Query: a function q.
Cost function: Forevery p € P: f(p,q) = dist(p,q)

Output: >.cp f (P, )

f (i, q) f (i, q)
TS [ D= Zp'ep f(pi,q)

S(pl) —



Sensitivity for Clustered Data ok

Let:
- D1 Pgk E R%be -k centers

- Py ={py,pi, ... 0}, || =
- P=P,UP,U-UPpy

pr

Query: a function q.
Cost function: Forevery p € P: f(p,q) = dist(p,q)

Output: ). ,cp f (p, q)

S(py) = f (i, q) feoq) 1
e @ D= Zp,EP f(pi,q) 1P




Sensitivity for Clustered Data ok

Let:
- D1 Pgk E R%be -k centers

- Py ={py,pi, ... 0}, || =
- P=P,UP,U-UPpy

pr

Query: a function q.
Cost function: Forevery p € P: f(p,q) = dist(p,q)

Output: ). ,cp f (p, q)

S(py) = f (i, q) feoq) 1
‘ Z,,repf(p D= Zp,EP f(pi,q) 1P

ZSW‘ Z i

Di€EP; Di€EP;




Sensitivity for Clustered Data N

Let:
- D1 Pgk E R%be -k centers

- Py ={py,pi, ... 0}, || =
- P=P,UP,U-UPpy

pr

Query: a function q.
Cost function: Forevery p € P: f(p,q) = dist(p,q)

Output: ). ,cp f (p, q)

() = f@u @) foog) 1
| Zplepﬂp A ) BT Qe

:E: s(pi) = :E: i -

Di€EP; Di€EP; —




Bounding Sensitivity using Bicreteria

Lemma: Let (X, dist) be a metric space such that the weak triangle inequality holds:
forevery p,q,x € X: dist(p,x) < p(dist(p, q) + dist(q, x)).
Let A € X and Q be (possibly infinite) subsets in X.

Let A" € X and suppose that there is a mapping from every p € Atoapointp’ € A" .
If dist(A,A") < a - OPT where OPT = min ). ¢, dist(p, T") for some a > 0

T*€Q
(i.e., if A" is an (a, B)-approximation) then:

dist(p,T) dist(p’,T)

= < pa+p*(1+ z
ZSQ’) maX st S Petrita) ) max o
PEA PEA p'eA’




Bounding Sensitivity using Bicreteria

Proof:

LetT € Q and p € A. By the weak triangle inequality:
dist(p,T) _ p-dist(p,p’) P dist(p’,T)
dist(A,T) = dist(4,T) dist(A,T)

\ J

s(p)




Bounding Sensitivity using Bicreteria

Proof:
LetT € Q and p € A. By the weak triangle inequality:
dist(p,T) _p-dist(p,p’) p-dist(p’,T)

<
dist(AT) = distAT) | dist(AT)
p - dist(p,p') p-dist(p’,T)

, <
OPT < dist(A,T) < — OPT " dist(A,T)




Bounding Sensitivity using Bicreteria

Proof:
LetT € Q and p € A. By the weak triangle inequality:
dist(p,T) p-dist(p,p’) p-dist(p’',T)

<
dist(A, T)_ aistAT) T T dist(a, T)
dist(p,p")  p-dist(p',T)

<P
- OPT " dlst(A T)
p dist(A,A") dist(p,p " p - dist(p',T)

OPT  dist(A.A) | distA.T)




Bounding Sensitivity using Bicreteria

Proof:

LetT € Q and p € A. By the weak triangle inequality:
dist(p,T) _P dist(p,p’) N p-dist(p’,T)
dist(A, T) — dlst(A T) dist(4, T)
_P dist(p,p") P dist(p’,T)
- OPT dlst(A T)
P dist(A,A") dist(p,p " N p - dist(p',T)
- OPT dlst(A A") dist(A,T)
_ . distp,p’) P dist(p', T)
dist(4,4) _— ~P%dist(a, a0 " " dist(A,T)

<
oer ¢




_ L
Bounding Sensitivity uf ;... < o(dist(A', A) + dist(A,T))

< pa-OPT +p - dist(A,T)
<p(a+1)- dist(AT)

Proof:

- dist(4,T) >

~

dist(A',T)
pla+1)

/

LetT € Q and p € A. By the weak trian

dist(p,T) _P di;\}%’,l , ——

dist(A,T) = dist(4,T) dist(A,T)
_pdistlp,p’)  p-dist(®,T)
=  OPT dist(A,T)
P dist(A,A") dist(p,p’) p-dist(p',T)
- OPT dist(A4,A") dist(A,T)
_distp,p’) p-distp’,T)
= PO dist(A, 40 " dist(A, T)

dist(p,p") p*(a+1)-dist(p’,T)

<
Y =SP%sea,an

dist(A4’,T)



Bounding Sensitivity using Bicreteria

Proof:

dist(p,T) dist(p,p") p?(a+1)-dist(p’,T)
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Bounding Sensitivity using Bicreteria

Proof:

dist(p, T) dist(p,p") p?(a+1)-dist(p’,T)

=) = gran S P astaan T dist(A.T)

dist(p,p") p (a +1) - dist(p’, T)
~ ;S(p) = ;4( dist(A, A’ ) dist(A',T) >



Bounding Sensitivity using Bicreteria

Proof:

dist(p, T) dist(p,p") p?(a+1)-dist(p’,T)

=) = gran S P astaan T dist(A.T)

dist(p,p") p (a +1) - dist(p’, T)
~ ;S(p) = ;4( dist(A, A’ ) dist(A',T) >

dist(p’,T)
< 2 :
~ Z s(p) < patpila+1) z rjpeag dist(A4’,T)
PEA DEA



Bounding Sensitivity using Bicreteria

Proof:

dist(p, T) dist(p,p") p?(a+1)-dist(p’,T)

=) = gran S P astaan T dist(A.T)

5 z s(p) < z ( dist(p,p) | p*(a +1) - dist(p, T))

dlst(A A’ ) dist(A4’,T)
PEA PEA
dist(p’,T)
< 2 .
—>Zs(p)_pa+p Gl zrpggdlst(A’T)
PEA DEA




