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Reminder, why do we need sensitivity 

Coreset

Query space

𝑷,𝝎,𝑸, 𝒇
Coreset 

𝑪, 𝝁 , 𝑪 ⊆ 𝑷, 𝑪 ≪ |𝑷|

Compute 

“importance”/ “sensitivity” 

for each point

Query space

𝑷,𝝎,𝑸, 𝒇
Sensitivity

𝑺:𝑷 × 𝝎 → 𝟎,∞ s.t.

𝑺 𝒑 ≥ max
𝒒∈𝑸

𝝎 𝒑 ⋅ 𝒇 𝒑, 𝒒

σ𝒑′∈𝑷𝝎 𝒑′ ⋅ 𝒇 𝒑′, 𝒒

Sample a subset of “important” points.

Rough approximation for the 

optimal solution

𝛼, 𝛽 -approximation

Query space

𝑷,𝝎,𝑸, 𝒇 A candidate solution to the problem

with provable guarantees.

Helps compute the importance for each input points by

a reduction to a simpler problem

We will now 

focus on this 

block



Sensitivity

• Let (𝑃, 𝑄,𝑤, 𝑓) be a query space, where 𝑓: 𝑃 × 𝑄 → [0,∞).
For every 𝑝′ ∈ 𝑃. The 𝑠𝑒𝑛𝑠𝑖𝑡𝑖𝑣𝑖𝑡𝑦 𝜎 𝑝′ of 𝑝′ is defined as :

𝜎 𝑝′ ≔ sup
𝑤(𝑝′)𝑓 𝑝′, 𝑞

σ𝑝∈𝑃𝑤(𝑝) 𝑝, 𝑞

where the 𝑠𝑢𝑝 is over every 𝑞 ∈ 𝑄 with σ𝑝∈𝑃𝑤 𝑝 𝑓 𝑝, 𝑞 > 0.

• The 𝑡𝑜𝑡𝑎𝑙 𝑠𝑒𝑛𝑠𝑖𝑡𝑖𝑣𝑖𝑡𝑦 of 𝑃 is 

𝐺 𝑃 ≔ ෍

𝑝∈𝑃

𝜎 𝑝



Sensitivity

•Let (𝑃, 𝑄,𝑤, 𝑓) be a query space, where 𝑓: 𝑃 × 𝑄 → [0,∞).
For every 𝑝′ ∈ 𝑃. The 𝑠𝑒𝑛𝑠𝑖𝑡𝑖𝑣𝑖𝑡𝑦 𝜎 𝑝′ of 𝑝′ is defined as :

𝜎 𝑝′ ≔ sup
𝑤(𝑝′)𝑓 𝑝′, 𝑞

σ𝑝∈𝑃𝑤(𝑝) 𝑝, 𝑞

where the 𝑠𝑢𝑝 is over every 𝑞 ∈ 𝑄 with σ𝑝∈𝑃𝑤 𝑝 𝑓 𝑝, 𝑞 > 0.

• The 𝑡𝑜𝑡𝑎𝑙 𝑠𝑒𝑛𝑠𝑖𝑡𝑖𝑣𝑖𝑡𝑦 of 𝑃 is 

𝐺 𝑃 ≔ ෍

𝑝∈𝑃

𝜎 𝑝

The sensitivity of a function (point) measures how influential 

that function (point) is on the optimization problem.



Sensitivity intuition

𝑝1

Consider the 1-median problem.

𝑝2



Sensitivity intuition

𝑝1

Consider the 1-median problem.
𝜎 𝑝1 should be large

𝑝2

𝜎 𝑝2 should be small



Sensitivity intuition

𝑝2

𝑞

𝑝1

Consider the 1-median problem.
𝜎 𝑝1 should be large

𝜎 𝑝1 ≥
𝑓 𝑝1, 𝑞

σ𝑝∈𝑃 𝑓 𝑝, 𝑞
→ 1

𝜎 𝑝2 should be small

𝜎 𝑝2 = 𝑠𝑢𝑝
𝑓 𝑝2, 𝑞

σ𝑝∈𝑃 𝑓 𝑝, 𝑞
~

𝑓 𝑝2, 𝑞

𝑛 ⋅ 𝑓 𝑝2, 𝑞
→ 0



Coreset for the Threshold Problem

Let 𝑃 ⊆ 𝑅 be a set of 𝑛 points.



Coreset for the Threshold Problem

Let 𝑃 ⊆ 𝑅 be a set of 𝑛 points.

5

Query: Threshold 𝑥 (number).

Cost function: For every 𝑝 ∈ 𝑃: 𝑓 𝑝, 𝑥 = 𝟏(𝑝 ≥ 𝑥)
Output: σ𝑝∈𝑃 𝑓 𝑝, 𝑥



Coreset for the Threshold Problem

Let 𝑃 ⊆ 𝑅 be a set of 𝑛 points.

Query: Threshold 𝑥.

Cost function: For every 𝑝 ∈ 𝑃: 𝑓 𝑝, 𝑥 = 𝟏(𝑝 ≥ 𝑥)
Output: σ𝑝∈𝑃 𝑓 𝑝, 𝑥 5

𝑠 𝑝 = max
𝑥∈𝑅

𝑓 𝑝, 𝑥

σ𝑝′∈𝑃 𝑓 𝑝′, 𝑥



Coreset for the Threshold Problem

Let 𝑃 ⊆ 𝑅 be a set of 𝑛 points.

Query: Threshold 𝑥.

Cost function: For every 𝑝 ∈ 𝑃: 𝑓 𝑝, 𝑥 = 𝟏(𝑝 ≥ 𝑥)
Output: σ𝑝∈𝑃 𝑓 𝑝, 𝑥 5

𝑠 𝑝 = max
𝑥∈𝑅

𝑓 𝑝, 𝑥

σ𝑝′∈𝑃 𝑓 𝑝′, 𝑥
=

1

σ𝑝′∈𝑃𝟏 𝑝′ ≥ 𝑝



Coreset for the Threshold Problem

Let 𝑃 ⊆ 𝑅 be a set of 𝑛 points.

Query: Threshold 𝑥.

Cost function: For every 𝑝 ∈ 𝑃: 𝑓 𝑝, 𝑥 = 𝟏(𝑝 ≥ 𝑥)
Output: σ𝑝∈𝑃 𝑓 𝑝, 𝑥 5

11

2

1

3

1

𝑛 − 𝑖
⋯

෍

𝑝∈𝑃

𝑠 𝑝 = ෍

𝑖∈ 𝑛

1

𝑖
= ln 𝑛 = 𝑂 log 𝑛



Coreset for the Threshold Problem (2)

Let 𝑃 ⊆ 𝑅 be a set of 𝑛 points.

Query: Threshold 𝑥 right or left (𝑟 = 1/ 𝑟 = 0).

Cost function: For every 𝑝 ∈ 𝑃: 𝑓 𝑝, 𝑥, 𝑟 = ቊ
𝟏 𝑝 ≥ 𝑥 if r == 1

𝟏 𝑝 ≤ 𝑥 𝑖𝑓 𝑟 == 0

Output: σ𝑝∈𝑃 𝑓 𝑝, 𝑥, 𝑟
53



Coreset for the Threshold Problem (2)

Let 𝑃 ⊆ 𝑅 be a set of 𝑛 points.

Query: Threshold 𝑥 right or left (𝑟 = 1/ 𝑟 = 0).

Cost function: For every 𝑝 ∈ 𝑃: 𝑓 𝑝, 𝑥, 𝑟 = ቊ
𝟏 𝑝 ≥ 𝑥 if r == 1

𝟏 𝑝 ≤ 𝑥 𝑖𝑓 𝑟 == 0

Output: σ𝑝∈𝑃 𝑓 𝑝, 𝑥, 𝑟
53

𝑠 𝑝 = max
𝑥∈𝑅,𝑟∈ 0,1

𝑓 𝑝, 𝑥, 𝑟

σ𝑝′∈𝑃 𝑓 𝑝′, 𝑥, 𝑟



Coreset for the Threshold Problem (2)

Let 𝑃 ⊆ 𝑅 be a set of 𝑛 points.

Query: Threshold 𝑥 right or left (𝑟 = 1/ 𝑟 = 0).

Cost function: For every 𝑝 ∈ 𝑃: 𝑓 𝑝, 𝑥, 𝑟 = ቊ
𝟏 𝑝 ≥ 𝑥 if r == 1

𝟏 𝑝 ≤ 𝑥 𝑖𝑓 𝑟 == 0

Output: σ𝑝∈𝑃 𝑓 𝑝, 𝑥, 𝑟
53

𝑠 𝑝 = max
𝑥∈𝑅,𝑟∈ 0,1

𝑓 𝑝, 𝑥, 𝑟

σ𝑝′∈𝑃 𝑓 𝑝′, 𝑥, 𝑟
≤ max

𝑥∈𝑅

𝑓 𝑝, 𝑥, 1

σ𝑝′∈𝑃 𝑓 𝑝′, 𝑥, 1
+ max

𝑥∈𝑅

𝑓 𝑝, 𝑥, 0

σ𝑝′∈𝑃 𝑓 𝑝′, 𝑥, 0



Coreset for the Threshold Problem (2)

Let 𝑃 ⊆ 𝑅 be a set of 𝑛 points.

Query: Threshold 𝑥 right or left (𝑟 = 1/ 𝑟 = 0).

Cost function: For every 𝑝 ∈ 𝑃: 𝑓 𝑝, 𝑥, 𝑟 = ቊ
𝟏 𝑝 ≥ 𝑥 if r == 1

𝟏 𝑝 ≤ 𝑥 𝑖𝑓 𝑟 == 0

Output: σ𝑝∈𝑃 𝑓 𝑝, 𝑥, 𝑟
53

𝑠 𝑝 = max
𝑥∈𝑅,𝑟∈ 0,1

𝑓 𝑝, 𝑥, 𝑟

σ𝑝′∈𝑃 𝑓 𝑝′, 𝑥, 𝑟
≤ max

𝑥∈𝑅

𝑓 𝑝, 𝑥, 1

σ𝑝′∈𝑃 𝑓 𝑝′, 𝑥, 1
+ max

𝑥∈𝑅

𝑓 𝑝, 𝑥, 0

σ𝑝′∈𝑃 𝑓 𝑝′, 𝑥, 0

≤ log 𝑛 + log 𝑛 = 𝑂 log 𝑛



Coreset for the Convex Function

Let 𝑃 ⊆ 𝑅 be a set of 𝑛 points.

Query: function 𝑞: 𝑅 → 𝑅 that is decreasing then increasing.

Cost function: For every 𝑝 ∈ 𝑃: 𝑓 𝑝, 𝑞 = |𝑞 𝑝 − 𝑝|
Output: σ𝑝∈𝑃 𝑓 𝑝, 𝑞

𝑞



Coreset for the Convex Function

𝑞

𝑠 𝑝 = max
𝑞

𝑓 𝑝, 𝑞

σ𝑝′∈𝑃 𝑓 𝑝′, 𝑞

Ƹ𝑝 𝑝𝑝



Coreset for the Convex Function

𝑞

𝑠 𝑝 = max
𝑞

𝑓 𝑝, 𝑞

σ𝑝′∈𝑃 𝑓 𝑝′, 𝑞
≤

max
𝑞

𝑓 𝑝, 𝑞

σ𝑝′≥𝑝 𝑓 𝑝′, 𝑞
𝑖𝑓 𝑝 ≥ Ƹ𝑝

max
𝑞

𝑓 𝑝, 𝑞

σ𝑝′≤𝑝 𝑓 𝑝′, 𝑞
𝑖𝑓 𝑝 < Ƹ𝑝

Ƹ𝑝 𝑝𝑝



Coreset for the Convex Function

𝑞

𝑠 𝑝 = max
𝑞

𝑓 𝑝, 𝑞

σ𝑝′∈𝑃 𝑓 𝑝′, 𝑞
≤

max
𝑞

𝑓 𝑝, 𝑞

σ𝑝′≥𝑝 𝑓 𝑝′, 𝑞
𝑖𝑓 𝑝 ≥ Ƹ𝑝

max
𝑞

𝑓 𝑝, 𝑞

σ𝑝′≤𝑝 𝑓 𝑝′, 𝑞
𝑖𝑓 𝑝 < Ƹ𝑝

Ƹ𝑝

≤

𝑓 𝑝, 𝑞

σ𝑝′≥𝑝 𝑓 𝑝, 𝑞
𝑖𝑓 𝑝 ≥ Ƹ𝑝

𝑓 𝑝, 𝑞

σ𝑝′≤𝑝 𝑓 𝑝, 𝑞
𝑖𝑓 𝑝 < Ƹ𝑝

𝑝𝑝



Coreset for the Convex Function

𝑠 𝑝 = max
𝑞

𝑓 𝑝, 𝑞

σ𝑝′∈𝑃 𝑓 𝑝′, 𝑞
≤

max
𝑞

𝑓 𝑝, 𝑞

σ𝑝′≥𝑝 𝑓 𝑝′, 𝑞
𝑖𝑓 𝑝 ≥ Ƹ𝑝

max
𝑞

𝑓 𝑝, 𝑞

σ𝑝′≤𝑝 𝑓 𝑝′, 𝑞
𝑖𝑓 𝑝 < Ƹ𝑝

≤

𝑓 𝑝, 𝑞

σ𝑝′≥𝑝 𝑓 𝑝, 𝑞
𝑖𝑓 𝑝 ≥ Ƹ𝑝

𝑓 𝑝, 𝑞

σ𝑝′≤𝑝 𝑓 𝑝, 𝑞
𝑖𝑓 𝑝 < Ƹ𝑝

≤ min
1

𝑖
,
1

𝑛 − 𝑖



Coreset for the Convex Function

𝑠 𝑝 = max
𝑞

𝑓 𝑝, 𝑞

σ𝑝′∈𝑃 𝑓 𝑝′, 𝑞
≤

max
𝑞

𝑓 𝑝, 𝑞

σ𝑝′≥𝑝 𝑓 𝑝′, 𝑞
𝑖𝑓 𝑝 ≥ Ƹ𝑝

max
𝑞

𝑓 𝑝, 𝑞

σ𝑝′≤𝑝 𝑓 𝑝′, 𝑞
𝑖𝑓 𝑝 < Ƹ𝑝

≤

𝑓 𝑝, 𝑞

σ𝑝′≥𝑝 𝑓 𝑝, 𝑞
𝑖𝑓 𝑝 ≥ Ƹ𝑝

𝑓 𝑝, 𝑞

σ𝑝′≤𝑝 𝑓 𝑝, 𝑞
𝑖𝑓 𝑝 < Ƹ𝑝

≤ min
1

𝑖
,
1

𝑛 − 𝑖

→ ෍

𝑝∈𝑃

𝑠 𝑝 = 𝑂 log 𝑛



Sensitivity for Clustered Data

Let:

- 𝑝1, ⋯ 𝑝𝛽⋅𝑘 ∈ 𝑅𝑑 be 𝛽 ⋅ 𝑘 centers.

- 𝑃𝑖 = 𝑝𝑖 , 𝑝𝑖 , … , 𝑝𝑖 , 𝑃𝑖 =
𝑛

𝛽⋅𝑘
.

- 𝑃 = 𝑃1 ∪ 𝑃2 ∪⋯∪ 𝑃𝛽⋅𝑘

𝑃1

𝑃2

𝑃3

𝑃𝛽𝑘



Sensitivity for Clustered Data

Let:

- 𝑝1, ⋯ 𝑝𝛽⋅𝑘 ∈ 𝑅𝑑 be 𝛽 ⋅ 𝑘 centers.

- 𝑃𝑖 = 𝑝𝑖 , 𝑝𝑖 , … , 𝑝𝑖 , 𝑃𝑖 =
𝑛

𝛽⋅𝑘
.

- 𝑃 = 𝑃1 ∪ 𝑃2 ∪⋯∪ 𝑃𝛽⋅𝑘

Query: a function 𝑞.

Cost function: For every 𝑝 ∈ 𝑃: 𝑓 𝑝, 𝑞 = 𝑑𝑖𝑠𝑡(𝑝, 𝑞)
Output: σ𝑝∈𝑃 𝑓 𝑝, 𝑞

𝑃1

𝑃2

𝑃3

𝑃𝛽𝑘

𝑞



Sensitivity for Clustered Data

Let:

- 𝑝1, ⋯ 𝑝𝛽⋅𝑘 ∈ 𝑅𝑑 be 𝛽 ⋅ 𝑘 centers.

- 𝑃𝑖 = 𝑝𝑖 , 𝑝𝑖 , … , 𝑝𝑖 , 𝑃𝑖 =
𝑛

𝛽⋅𝑘
.

- 𝑃 = 𝑃1 ∪ 𝑃2 ∪⋯∪ 𝑃𝛽⋅𝑘

Query: a function 𝑞.

Cost function: For every 𝑝 ∈ 𝑃: 𝑓 𝑝, 𝑞 = 𝑑𝑖𝑠𝑡(𝑝, 𝑞)
Output: σ𝑝∈𝑃 𝑓 𝑝, 𝑞

𝑃1

𝑃2

𝑃3

𝑃𝛽𝑘

𝑠 𝑝𝑖 = max
𝑞

𝑓 𝑝𝑖 , 𝑞

σ𝑝′∈𝑃 𝑓 𝑝′, 𝑞
≤ max

𝑞

𝑓 𝑝𝑖 , 𝑞

σ
𝑝𝑖
′∈𝑃𝑖

𝑓 𝑝𝑖
′, 𝑞

𝑞



Sensitivity for Clustered Data

Let:

- 𝑝1, ⋯ 𝑝𝛽⋅𝑘 ∈ 𝑅𝑑 be 𝛽 ⋅ 𝑘 centers.

- 𝑃𝑖 = 𝑝𝑖 , 𝑝𝑖 , … , 𝑝𝑖 , 𝑃𝑖 =
𝑛

𝛽⋅𝑘
.

- 𝑃 = 𝑃1 ∪ 𝑃2 ∪⋯∪ 𝑃𝛽⋅𝑘

Query: a function 𝑞.

Cost function: For every 𝑝 ∈ 𝑃: 𝑓 𝑝, 𝑞 = 𝑑𝑖𝑠𝑡(𝑝, 𝑞)
Output: σ𝑝∈𝑃 𝑓 𝑝, 𝑞

𝑃1

𝑃2

𝑃3

𝑃𝛽𝑘

𝑠 𝑝𝑖 = max
𝑞

𝑓 𝑝𝑖 , 𝑞

σ𝑝′∈𝑃 𝑓 𝑝′, 𝑞
≤ max

𝑞

𝑓 𝑝𝑖 , 𝑞

σ
𝑝𝑖
′∈𝑃𝑖

𝑓 𝑝𝑖
′, 𝑞

=
1

𝑃𝑖

𝑞



Sensitivity for Clustered Data

Let:

- 𝑝1, ⋯ 𝑝𝛽⋅𝑘 ∈ 𝑅𝑑 be 𝛽 ⋅ 𝑘 centers.

- 𝑃𝑖 = 𝑝𝑖 , 𝑝𝑖 , … , 𝑝𝑖 , 𝑃𝑖 =
𝑛

𝛽⋅𝑘
.

- 𝑃 = 𝑃1 ∪ 𝑃2 ∪⋯∪ 𝑃𝛽⋅𝑘

Query: a function 𝑞.

Cost function: For every 𝑝 ∈ 𝑃: 𝑓 𝑝, 𝑞 = 𝑑𝑖𝑠𝑡(𝑝, 𝑞)
Output: σ𝑝∈𝑃 𝑓 𝑝, 𝑞

𝑃1

𝑃2

𝑃3

𝑃𝛽𝑘

𝑠 𝑝𝑖 = max
𝑞

𝑓 𝑝𝑖 , 𝑞

σ𝑝′∈𝑃 𝑓 𝑝′, 𝑞
≤ max

𝑞

𝑓 𝑝𝑖 , 𝑞

σ
𝑝𝑖
′∈𝑃𝑖

𝑓 𝑝𝑖
′, 𝑞

=
1

𝑃𝑖

෍

𝑝𝑖∈𝑃𝑖

𝑠 𝑝𝑖 = ෍

𝑝𝑖∈𝑃𝑖

1

𝑃𝑖
= 1

𝑞



Sensitivity for Clustered Data

Let:

- 𝑝1, ⋯ 𝑝𝛽⋅𝑘 ∈ 𝑅𝑑 be 𝛽 ⋅ 𝑘 centers.

- 𝑃𝑖 = 𝑝𝑖 , 𝑝𝑖 , … , 𝑝𝑖 , 𝑃𝑖 =
𝑛

𝛽⋅𝑘
.

- 𝑃 = 𝑃1 ∪ 𝑃2 ∪⋯∪ 𝑃𝛽⋅𝑘

Query: a function 𝑞.

Cost function: For every 𝑝 ∈ 𝑃: 𝑓 𝑝, 𝑞 = 𝑑𝑖𝑠𝑡(𝑝, 𝑞)
Output: σ𝑝∈𝑃 𝑓 𝑝, 𝑞

𝑃1

𝑃2

𝑃3

𝑃𝛽𝑘

𝑠 𝑝𝑖 = max
𝑞

𝑓 𝑝𝑖 , 𝑞

σ𝑝′∈𝑃 𝑓 𝑝′, 𝑞
≤ max

𝑞

𝑓 𝑝𝑖 , 𝑞

σ
𝑝𝑖
′∈𝑃𝑖

𝑓 𝑝𝑖
′, 𝑞

=
1

𝑃𝑖

෍

𝑝𝑖∈𝑃𝑖

𝑠 𝑝𝑖 = ෍

𝑝𝑖∈𝑃𝑖

1

𝑃𝑖
= 1

෍

𝑝∈𝑃

𝑠 𝑝𝑖 = 𝛽 ⋅ 𝑘

𝑞
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Lemma: Let 𝑋, 𝑑𝑖𝑠𝑡 be a metric space such that the weak triangle inequality holds: 

for every 𝑝, 𝑞, 𝑥 ∈ 𝑋: 𝑑𝑖𝑠𝑡 𝑝, 𝑥 ≤ 𝜌 𝑑𝑖𝑠𝑡 𝑝, 𝑞 + 𝑑𝑖𝑠𝑡 𝑞, 𝑥 .

Let 𝐴 ⊆ 𝑋 and 𝑄 be (possibly infinite) subsets in 𝑋.

Let 𝐴′ ⊆ 𝑋 and suppose that there is a mapping from every 𝑝 ∈ 𝐴 to a point 𝑝′ ∈ 𝐴′ .

If 𝑑𝑖𝑠𝑡 𝐴, 𝐴′ ≤ 𝛼 ⋅ OPT where OPT = min
𝑇∗∈𝑄

σ𝑝∈𝐴𝑑𝑖𝑠𝑡 𝑝, 𝑇
∗ for some 𝛼 > 0

(i.e., if 𝐴′ is an 𝛼, 𝛽 -approximation) then:

෍

𝑝∈𝐴

𝑠 𝑝 = ෍

𝑝∈𝐴

max
𝑇∈𝑄

𝑑𝑖𝑠𝑡 𝑝, 𝑇

𝑑𝑖𝑠𝑡 𝐴, 𝑇
≤ 𝜌𝛼 + 𝜌2 1 + 𝛼 ෍

𝑝′∈𝐴′

max
𝑇∈𝑄

𝑑𝑖𝑠𝑡 𝑝′, 𝑇

𝑑𝑖𝑠𝑡 𝐴′, 𝑇
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Proof:

Let 𝑇 ∈ 𝑄 and  𝑝 ∈ 𝐴. By the weak triangle inequality:
𝑑𝑖𝑠𝑡 𝑝, 𝑇

𝑑𝑖𝑠𝑡 𝐴, 𝑇
≤
𝜌 ⋅ 𝑑𝑖𝑠𝑡 𝑝, 𝑝′

𝑑𝑖𝑠𝑡 𝐴, 𝑇
+
𝜌 ⋅ 𝑑𝑖𝑠𝑡 𝑝′, 𝑇

𝑑𝑖𝑠𝑡 𝐴, 𝑇

𝑠 𝑝
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Proof:

Let 𝑇 ∈ 𝑄 and  𝑝 ∈ 𝐴. By the weak triangle inequality:
𝑑𝑖𝑠𝑡 𝑝, 𝑇

𝑑𝑖𝑠𝑡 𝐴, 𝑇
≤
𝜌 ⋅ 𝑑𝑖𝑠𝑡 𝑝, 𝑝′

𝑑𝑖𝑠𝑡 𝐴, 𝑇
+
𝜌 ⋅ 𝑑𝑖𝑠𝑡 𝑝′, 𝑇

𝑑𝑖𝑠𝑡 𝐴, 𝑇

≤
𝜌 ⋅ 𝑑𝑖𝑠𝑡 𝑝, 𝑝′

𝑂𝑃𝑇
+
𝜌 ⋅ 𝑑𝑖𝑠𝑡 𝑝′, 𝑇

𝑑𝑖𝑠𝑡 𝐴, 𝑇𝑂𝑃𝑇 ≤ 𝑑𝑖𝑠𝑡(𝐴, 𝑇)
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Proof:

Let 𝑇 ∈ 𝑄 and  𝑝 ∈ 𝐴. By the weak triangle inequality:
𝑑𝑖𝑠𝑡 𝑝, 𝑇

𝑑𝑖𝑠𝑡 𝐴, 𝑇
≤
𝜌 ⋅ 𝑑𝑖𝑠𝑡 𝑝, 𝑝′

𝑑𝑖𝑠𝑡 𝐴, 𝑇
+
𝜌 ⋅ 𝑑𝑖𝑠𝑡 𝑝′, 𝑇

𝑑𝑖𝑠𝑡 𝐴, 𝑇

≤
𝜌 ⋅ 𝑑𝑖𝑠𝑡 𝑝, 𝑝′

𝑂𝑃𝑇
+
𝜌 ⋅ 𝑑𝑖𝑠𝑡 𝑝′, 𝑇

𝑑𝑖𝑠𝑡 𝐴, 𝑇

≤
𝜌 ⋅ 𝑑𝑖𝑠𝑡 𝐴, 𝐴′

𝑂𝑃𝑇
⋅
𝑑𝑖𝑠𝑡 𝑝, 𝑝′

𝑑𝑖𝑠𝑡 𝐴, 𝐴′
+
𝜌 ⋅ 𝑑𝑖𝑠𝑡 𝑝′, 𝑇

𝑑𝑖𝑠𝑡 𝐴, 𝑇
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Proof:

Let 𝑇 ∈ 𝑄 and  𝑝 ∈ 𝐴. By the weak triangle inequality:
𝑑𝑖𝑠𝑡 𝑝, 𝑇

𝑑𝑖𝑠𝑡 𝐴, 𝑇
≤
𝜌 ⋅ 𝑑𝑖𝑠𝑡 𝑝, 𝑝′

𝑑𝑖𝑠𝑡 𝐴, 𝑇
+
𝜌 ⋅ 𝑑𝑖𝑠𝑡 𝑝′, 𝑇

𝑑𝑖𝑠𝑡 𝐴, 𝑇

≤
𝜌 ⋅ 𝑑𝑖𝑠𝑡 𝑝, 𝑝′

𝑂𝑃𝑇
+
𝜌 ⋅ 𝑑𝑖𝑠𝑡 𝑝′, 𝑇

𝑑𝑖𝑠𝑡 𝐴, 𝑇

≤
𝜌 ⋅ 𝑑𝑖𝑠𝑡 𝐴, 𝐴′

𝑂𝑃𝑇
⋅
𝑑𝑖𝑠𝑡 𝑝, 𝑝′

𝑑𝑖𝑠𝑡 𝐴, 𝐴′
+
𝜌 ⋅ 𝑑𝑖𝑠𝑡 𝑝′, 𝑇

𝑑𝑖𝑠𝑡 𝐴, 𝑇

≤ 𝜌𝛼
𝑑𝑖𝑠𝑡 𝑝, 𝑝′

𝑑𝑖𝑠𝑡 𝐴, 𝐴′
+
𝜌 ⋅ 𝑑𝑖𝑠𝑡 𝑝′, 𝑇

𝑑𝑖𝑠𝑡 𝐴, 𝑇𝑑𝑖𝑠𝑡 𝐴, 𝐴′

𝑂𝑃𝑇
≤ 𝛼
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Proof:

Let 𝑇 ∈ 𝑄 and  𝑝 ∈ 𝐴. By the weak triangle inequality:
𝑑𝑖𝑠𝑡 𝑝, 𝑇

𝑑𝑖𝑠𝑡 𝐴, 𝑇
≤
𝜌 ⋅ 𝑑𝑖𝑠𝑡 𝑝, 𝑝′

𝑑𝑖𝑠𝑡 𝐴, 𝑇
+
𝜌 ⋅ 𝑑𝑖𝑠𝑡 𝑝′, 𝑇

𝑑𝑖𝑠𝑡 𝐴, 𝑇

≤
𝜌 ⋅ 𝑑𝑖𝑠𝑡 𝑝, 𝑝′

𝑂𝑃𝑇
+
𝜌 ⋅ 𝑑𝑖𝑠𝑡 𝑝′, 𝑇

𝑑𝑖𝑠𝑡 𝐴, 𝑇

≤
𝜌 ⋅ 𝑑𝑖𝑠𝑡 𝐴, 𝐴′

𝑂𝑃𝑇
⋅
𝑑𝑖𝑠𝑡 𝑝, 𝑝′

𝑑𝑖𝑠𝑡 𝐴, 𝐴′
+
𝜌 ⋅ 𝑑𝑖𝑠𝑡 𝑝′, 𝑇

𝑑𝑖𝑠𝑡 𝐴, 𝑇

≤ 𝜌𝛼
𝑑𝑖𝑠𝑡 𝑝, 𝑝′

𝑑𝑖𝑠𝑡 𝐴, 𝐴′
+
𝜌 ⋅ 𝑑𝑖𝑠𝑡 𝑝′, 𝑇

𝑑𝑖𝑠𝑡 𝐴, 𝑇

≤ 𝜌𝛼
𝑑𝑖𝑠𝑡 𝑝, 𝑝′

𝑑𝑖𝑠𝑡 𝐴, 𝐴′
+
𝜌2 𝛼 + 1 ⋅ 𝑑𝑖𝑠𝑡 𝑝′, 𝑇

𝑑𝑖𝑠𝑡 𝐴′, 𝑇

𝑑𝑖𝑠𝑡 𝐴′, 𝑇 ≤ 𝜌 𝑑𝑖𝑠𝑡 𝐴′, 𝐴 + 𝑑𝑖𝑠𝑡 𝐴, 𝑇

≤ 𝜌𝛼 ⋅ 𝑂𝑃𝑇 + 𝜌 ⋅ 𝑑𝑖𝑠𝑡 𝐴, 𝑇
≤ 𝜌 𝛼 + 1 ⋅ 𝑑𝑖𝑠𝑡 𝐴, 𝑇

→ 𝑑𝑖𝑠𝑡 𝐴, 𝑇 ≥
𝑑𝑖𝑠𝑡 𝐴′, 𝑇

𝜌 𝛼 + 1
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Proof:

→ 𝑠 𝑝 =
𝑑𝑖𝑠𝑡 𝑝, 𝑇

𝑑𝑖𝑠𝑡 𝐴, 𝑇
≤ 𝜌𝛼

𝑑𝑖𝑠𝑡 𝑝, 𝑝′

𝑑𝑖𝑠𝑡 𝐴, 𝐴′
+
𝜌2 𝛼 + 1 ⋅ 𝑑𝑖𝑠𝑡 𝑝′, 𝑇

𝑑𝑖𝑠𝑡 𝐴′, 𝑇
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Proof:

→ 𝑠 𝑝 =
𝑑𝑖𝑠𝑡 𝑝, 𝑇

𝑑𝑖𝑠𝑡 𝐴, 𝑇
≤ 𝜌𝛼

𝑑𝑖𝑠𝑡 𝑝, 𝑝′

𝑑𝑖𝑠𝑡 𝐴, 𝐴′
+
𝜌2 𝛼 + 1 ⋅ 𝑑𝑖𝑠𝑡 𝑝′, 𝑇

𝑑𝑖𝑠𝑡 𝐴′, 𝑇

→ ෍

𝑝∈𝐴

𝑠 𝑝 ≤ ෍

𝑝∈𝐴

𝜌𝛼
𝑑𝑖𝑠𝑡 𝑝, 𝑝′

𝑑𝑖𝑠𝑡 𝐴, 𝐴′
+
𝜌2 𝛼 + 1 ⋅ 𝑑𝑖𝑠𝑡 𝑝′, 𝑇

𝑑𝑖𝑠𝑡 𝐴′, 𝑇
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Proof:

→ 𝑠 𝑝 =
𝑑𝑖𝑠𝑡 𝑝, 𝑇

𝑑𝑖𝑠𝑡 𝐴, 𝑇
≤ 𝜌𝛼

𝑑𝑖𝑠𝑡 𝑝, 𝑝′

𝑑𝑖𝑠𝑡 𝐴, 𝐴′
+
𝜌2 𝛼 + 1 ⋅ 𝑑𝑖𝑠𝑡 𝑝′, 𝑇

𝑑𝑖𝑠𝑡 𝐴′, 𝑇

→ ෍

𝑝∈𝐴

𝑠 𝑝 ≤ ෍

𝑝∈𝐴

𝜌𝛼
𝑑𝑖𝑠𝑡 𝑝, 𝑝′

𝑑𝑖𝑠𝑡 𝐴, 𝐴′
+
𝜌2 𝛼 + 1 ⋅ 𝑑𝑖𝑠𝑡 𝑝′, 𝑇

𝑑𝑖𝑠𝑡 𝐴′, 𝑇

→ ෍

𝑝∈𝐴

𝑠 𝑝 ≤ 𝜌𝛼 + 𝜌2 𝛼 + 1 ⋅෍

𝑝∈𝐴

max
𝑇∈𝑄

𝑑𝑖𝑠𝑡 𝑝′, 𝑇

𝑑𝑖𝑠𝑡 𝐴′, 𝑇
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Proof:

→ 𝑠 𝑝 =
𝑑𝑖𝑠𝑡 𝑝, 𝑇

𝑑𝑖𝑠𝑡 𝐴, 𝑇
≤ 𝜌𝛼

𝑑𝑖𝑠𝑡 𝑝, 𝑝′

𝑑𝑖𝑠𝑡 𝐴, 𝐴′
+
𝜌2 𝛼 + 1 ⋅ 𝑑𝑖𝑠𝑡 𝑝′, 𝑇

𝑑𝑖𝑠𝑡 𝐴′, 𝑇

→ ෍

𝑝∈𝐴

𝑠 𝑝 ≤ ෍

𝑝∈𝐴

𝜌𝛼
𝑑𝑖𝑠𝑡 𝑝, 𝑝′

𝑑𝑖𝑠𝑡 𝐴, 𝐴′
+
𝜌2 𝛼 + 1 ⋅ 𝑑𝑖𝑠𝑡 𝑝′, 𝑇

𝑑𝑖𝑠𝑡 𝐴′, 𝑇

→ ෍

𝑝∈𝐴

𝑠 𝑝 ≤ 𝜌𝛼 + 𝜌2 𝛼 + 1 ⋅෍

𝑝∈𝐴

max
𝑇∈𝑄

𝑑𝑖𝑠𝑡 𝑝′, 𝑇

𝑑𝑖𝑠𝑡 𝐴′, 𝑇


