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Reminder - Definitions (k-centers)

Let P be an input set of n elements, X be a query space and dist: P X X — [0, 0).
Foreveryp € Pand Y C X define dist(p,Y) = meip dist(p,y).
y

» OPT}, = Ygg(r,lliyr}:k Ypep dist(p,Y).

» Y'is an ag-approximation if |Y'| = k and },cp dist(p,Y’) < a - OPTy.
»Y € X isa fy-approximation if |Y| = k and X, ,cp dist(p,Y) < OPTy.
»Y' € Xisan (a, B)g-approximation if |[Y'| = Sk and ¥ ,cp dist(p,Y) < a - OPT

Define Closest(P,Y,y) to be the [(1 — y)n] points p € P with smallest value
dist(p,Y).

» y-Robust-OPT), = YQI)PE;}:k Yipeclosest(pyy) Aist(p,Y).
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Define Closest(P,Y,y) to be the [(1 — y)n]| points p € P with smallest value
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Computing a (y, €, a, f)-approximation
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Computing a (y, €, a, f)-approximation

Y'=ar ' z dist(p,Y
g, pm_ (»Y)
pEclosest(P,Y,y)
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Computing a (y, €, a, f)-approximation

Claim:

o
A (y, 0,27, 1),-approximation can v
be computed in 0(n*) time. @---
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LetY* = {y4,y,} beay-Robust-OPT,.

Moving each y € Y™ to its closest @ ‘\ @
p € closest(P,Y",y) will increase the @ @ N Y2
distance of each point by a factor of kA K
a = 2" (worst case). o O ‘



Computing a (y, €, a, f)-approximation

Claim:
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Computing a (y, €, a, f)-approximation
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Computing a (y, €, a, f)-approximation
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< z dist(p,Y’)
pEClosest(P,Y*,y)

SS !/

1

< z p(dist(p,y™) + dist(y*y")) ' @ *’y :

pEClosest(P,Y*,y) ‘
O /
< 2 p-2-dist(p,y*) ® / “\
pEClosest(P,Y*,y) 2 \
r—1 : *. ' ’ ‘
<2rt.2. dist(p,y™*)
p€EClosest(P,Y*,y) O ®

= 2" - y—Robust—OPT;,



Computing a (y, €, a, f)-approximation

Claim:

@
A (y, 0,27, 1),-approximation can

be computed in 0 (n*) time. ®-.
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Computing a (y, €, a, f)-approximation

Claim:

@
A (y, 0,27, 1),-approximation can

be computed in 0 (n*) time. ®-.
* y’1
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(v, €)-coreset

Definition:

Lete € (O, %) and y € (0,1]. Let P,S < D be two sets of elements.
Let dist:D X X — [0,00). For every x € X:

* P, denotes the [y|P|] elements p € P with smallest value dist(p, x).
* S, denotes the [(1 — €)y|S]|] elements p € S with smallest value dist(p, x).
* G, € P, denotes the [(1 — 2¢)y|P]|] elements p € P with smallest value dist(p, x).

» The set S Is (y, €)-good for P if:
cost(G,, x cost(S,, x cost(P,, x
vx € X:(1—e)- (x)S (x)S (Py, x)
|G| | S| | Pl

» The set S isa (y, €)-coreset of P if forevery y’ € |y, 1],€’' € [e, %) we have that S is
(y', €')-good for P.

(14 ¢€)
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(v, €)-coreset

S is a (y, €)-coreset

P, — [y|P|| points
p € P with
smallest dist(p, x)
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(v, €)-coreset

S is a (y, €)-coreset

S, — [(1 —e)y|P|] points @ O
s € Swith smallest
dist(s,x)

P, — [y|P|| points
p € P with
smallest dist(p, x)




€ _Coreset B .cost( ,X) cost(S,,x) cost(Px,x).
(v, €) (1-¢€) <5 S+ e

S, — [(1 —e)y|P|] points @ O
s € S with smallest
dist(s,x)

P, — [y|P|| points
® p € P with
smallest dist(p, x)




Computing a (y, €, a, f)-approximation
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Computing a (y, €, a, f)-approximation

ye?
Prove that a E-sample of P
Is a (y, €)-coreset for P

4 N\
Construct a

———————>
ye-sample

~/  Proof 2




Computing a (y, €, a, f)-approximation

ye?
Prove that a E-sample of P
Is a (y, €)-coreset for P
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Computing a (y, €, a, f)-approximation

ye?
Prove that a E-sample of P
Is a (y, €)-coreset for P

[ \ Proof1l
[ Construct a J— (v, €)-coreset S |mm—)
ye-sample
Proof 2 g l

Prove that a ((1 — €)y, €, a, 1)-approximation
of Sisa (y, 18¢, a, 1)-approximation of P




Computing a (y, €, a, f)-approximation

ye?
Prove that a E-sample of P
Is a (y, €)-coreset for P

[ ) Proof1l )
[ Construct a J »| (v, €)-coreset S l| (v, €, a, 1)--
ye-sample approximation
Proof 2 o l J

Prove that a ((1 — €)y, €, a, 1)-approximation
of Sisa (y, 18¢, a, 1)-approximation of P




Computing a (y, €, a, f)-approximation

* Claim 1:

Let P be a set of points and dist: P X X — [0,). Let € € (01—10) ,v € (0,1].
Suppose that S is a (y, €)-coreset of P and that [P| = |S| = % Leta > 0. Then a
((1 — €)y, €, a)-approximation of S is also a (y, 18¢, «)-approximation of P.



Computing a (y, €, a, f)-approximation
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Computing a (y, €, a, f)-approximation
x*i1sa(y,0,0)-approx for P

* Proof 1:
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Computing a (y, €, a, f)-approximation
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Computing a (y, €, a, f)-approximation
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Computing a (y, €, a, f)-approximation
x*i1sa(y,0,0)-approx for P

* Proof 1:

Definitions: @

o O
S isa (y, e)-coreset O
O O O
O O o
® o ® 5" - [(1—e)y|S|]
O points s € S with

@ smallest dist(s, x*)



Computing a (y, €, a, f)-approximation
x*i1sa(y,0,0)-approx for P

* Proof 1:

Definitions: @

o O
S isa (y, e)-coreset O
O O O
O O o
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Computing a (y, €, a, f)-approximation

* Proof 1:

(1-4€)(|S7|-1)
1-€

1)




Computing a (y, €, a, f)-approximation

* Proof 1:

(1-4e)(|s*|-1) _ (1—4e)((1-e)vISI)
1—€ 1—€

1)

—IA

S =1 < (1 —e€)ylS]



Computing a (y, €, a, f)-approximation

* Proof 1:

(1-4e)(|s*|-1) _ (1—4e)((1-e)vISI)
1—€ 1—€

1) < (1 -4ey|S| <|S5|

—IA

S =1 < (A =e)ylS| S = [(1 = 4€)y|S]]



Computing a (y, €, a, f)-approximation

* Proof 1:
1) GOUEIED < Btoor®l < (1 - seyyls <15
1—¢€)|S
s < A0




Computing a (y, €, a, f)-approximation

* Proof 1:
1) GOUEIED < Btoor®l < (1 - seyyls <15
(1-¢€)|S'|
§*| < +1
Ay

2) 187 <



Computing a (y, €, a, f)-approximation

* Proof 1:
1) GOUEIED < Btoor®l < (1 - seyyls <15
(1-e)|S'|
ST < 1
SIS s T
2) |S*| < (1_€)|S | +1
l 1—4e€

By (1)



Computing a (y, €, a, f)-approximation

* Proof 1:
1) (1-4e)(IS"|-1) _ (1-4e)((1-€)yISl)

1—€ T 1—€

< (1 -4ey|S| <|S5'|

LI 41 < (1+8)(1 — OIS’ + (1 + 8e)els'|

2) 18| <

By(1) 1.1 ~1+4e<1+8e¢

1-4e€

2.1 % (14 8¢)e(1 —4e)y|S| < (1 + 8e)e|S'|

2
S| = —
ey
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* Proof 1:
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Computing a (y, €, a, f)-approximation

* Proof 1:
1) (1-4e)(IS"|-1) _ (1-4e)((1-€)yISl)

1—€ T 1—€

< (1 -4ey|S| <|S5'|

(1-¢e)|S’|
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-
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Computing a (y, €, a, f)-approximation

* Proof 1:
3) |S']| <




Computing a (y, €, a, f)-approximation

* Proof 1:

3) IS <(1-4e)y|S|+1
\
IS’ = [(1 —4e)y|S|]




Computing a (y, €, a, f)-approximation

* Proof 1:

3) |IS'|<(A-4e)y|S|+1<(1—-4¢e)y|S|+ 2ey]|S]
\ N\
IS’ =11 —-4e)y[S|]] 1=<2ey|S]




Computing a (y, €, a, f)-approximation

* Proof 1:

3) |IS'1<(A—-4e)y|S|+1<(1—-4e)yl|S| + 2¢y|S| = (1 — 2¢e)y]|S]|
\ N\
IS’ = [(1 — 4€)y|S]] 1 < 2eylS]




Computing a (y, €, a, f)-approximation

* Proof 1:

3) 1S'1< (1 —-4e)y|S|+1< (A —4e)y|S| + 2ey|S| = (1 = 26)y|S| < (1 — €)?y]S]|
\ N\ }
IS'] = [(1 —4e)y|S]|] 1 < 2ey|S| (1-2¢) <(1—¢)




Computing a (y, €, a, f)-approximation

* Proof 1:
3) 1S'1< (1 —-4e)y|S|+1< (A —4e)y|S| + 2ey|S| = (1 = 26)y|S| < (1 — €)?y]S]|

- |8'] < (1 - e)*y|S]



Computing a (y, €, a, f)-approximation

* Proof 1:
3) 1S'1< (1 —-4e)y|S|+1< (A —4e)y|S| + 2ey|S| = (1 = 26)y|S| < (1 — €)?y]S]|

- |8'] < (1 - e)*y|S]

4)
cost(S’, x")



Computing a (y, €, a, f)-approximation

* Proof 1:
3) 1S'1< (1 —-4e)y|S|+1< (A —4e)y|S| + 2ey|S| = (1 = 26)y|S| < (1 — €)?y]S]|

- |8'] < (1 - e)*y|S]
4)

cost(S',x") = 2 dist(s,x")
seClosest(S,x',(1—4€)y)



Computing a (y, €, a, f)-approximation

* Proof 1:
3) 1S'1< (A —-4e)y|S|+1< (A —4e)y|S| + 2ey|S| = (1 — 26)y|S| < (1 — €)?y]S]|

- |S'| < (1 - e)*y|S]|
4)
cost(S',x") = 2 dist(s,x") < 2 dist(s,x")

seClosest(S,x',(1—4€)y) seClosest(S,x',(1-€)?y)



Computing a (y, €, a, f)-approximation

* Proof 1:
3) 1S'1< (1 —-4e)y|S|+1< (A —4e)y|S| + 2ey|S| = (1 = 26)y|S| < (1 — €)?y]S]|

- |8'] < (1 - e)*y|S]

4)
cost(S',x") = 2 dist(s,x") < 2 dist(s,x")
seClosest(S,x',(1—4€)y) s€Closest(S,x',(1—€)2y)
Def. o{ x'
<a- z dist(s, xg)

s€Closest(S,x¢,(1—€)y)

xs isa (1 — e)y-robust-opt



Computing a (y, €, a, f)-approximation

* Proof 1:
3) 1S'1< (1 —-4e)y|S|+1< (A —4e)y|S| + 2ey|S| = (1 = 26)y|S| < (1 — €)?y]S]|

- |S'| < (1 - e)*y|S]|
4)
cost(S',x") = 2 dist(s,x") < 2 dist(s,x")
seClosest(S,x',(1—4€)y) s€Closest(S,x',(1—€)2y)

Def. oI x'
<a- z dist(s,xs) < z dist(s,x")

s€Closest(S,x¢,(1—€)y) s€Closest(S,x*,(1-€)y)

xs isa (1 — e)y-robust-opt



Computing a (y, €, a, f)-approximation

* Proof 1:
3) 1S'1< (1 —-4e)y|S|+1< (A —4e)y|S| + 2ey|S| = (1 = 26)y|S| < (1 — €)?y]S]|

- |8'] < (1 - e)*y|S|
4)
cost(S',x") = 2 dist(s,x") < 2 dist(s,x")
seClosest(S,x',(1—4€)y) s€Closest(S,x',(1—€)2y)
Def. OI x'
<a- z dist(s,x5) < « z dist(s,x*)
s€Closest(S,x%,(1-€)y) s€Closest(S,x",(1-€)y)

.. =a-co t(Si‘/x*2
xs isa (1 — e)y-robust-opt



Computing a (y, €, a, f)-approximation

* Proof 1:
3) 1S'1< (1 —-4e)y|S|+1< (A —4e)y|S| + 2ey|S| = (1 — 26)y|S| < (1 — €)?y]S]|

- |S'| < (1 - e)*y|S]|
4)
cost(S',x") = 2 dist(s,x") < 2 dist(s,x")

seClosest(S,x',(1—4€)y) s€Closest(Sx',(1—€)?y)

<a- z dist(s,xs) < « z dist(s,x*)
s€Closest(S,xs,(1—€)y) s€Closest(S,x*,(1—€)y)
= a - cost(S%,x™)
— cost(S',x') < a - cost(S*, x")



Computing a (y, €, a, f)-approximation

* Proof 1:

cost(Gx")

5 (1-—4e)- G




Computing a (y, €, a, f)-approximation

* Proof 1:

cost(Gx") < cost(s’x")

°) (=46 e

S isa (y, e)-coreset



Computing a (y, €, a, f)-approximation

* Proof 1:

cost(Gx") < cost(s’x") < @:€ost(S"x")

°) (=46 T

Sisa (y,e)-coreset By (4)

cost(S',x') < a-cost(S*, x¥)




Computing a (y, €, a, f)-approximation

* Proof 1:
5 (1 - 4€) - cost(Gx") - COSt(.S,"’x’) - OC'COSt(,S*,x*) - (14+86)cost(S* )
G l N l N l 1S*]
Sisa (y, €)-coreset By (4) By (2)




Computing a (y, €, a, f)-approximation

* Proof 1:
5) (1—4e)- cost(Gx') < COSt(i ) < “'COSt(,S*'x*) < “(1+8€)Co*st(5*,x*)
|G| 1S’| 1S/ 5
_ a1 +8e)(1 + €)cost (P, x7)
| [P

Sisa (y, €)-coreset



Computing a (y, €, a, f)-approximation

* Proof 1:

cost(Gx") < cost(s’x") < a-cost(S*,x*) < a(1+8€)cost(S* x*)

o) (A—4e) — =7 s'] 5]

a(1l+ 8¢)(1+ €)cost(P*,x*) a(l+ 10€)cost(P*, x*)

S P Pl
|

1A

S is a (y, €)-coreset (14+8e)(1+¢€)<(1+ 10¢)



Computing a (y, €, a, f)-approximation

* Proof 1:

cost(Gx") < cost(s’x") < a-cost(S*,x*) < a(1+8€)cost(S* x*)
|G| — 1S/ 1S Rl

5 (1-—4e)-

a(l+ 8¢e)(1 + €)cost(P*, x*) - a(1+ 10€)cost(P*,x™)

< <
| P*| |P*|



Computing a (y, €, a, f)-approximation

* Proof 1:

cost(Gx") < cost(s’x") < a-cost(S*,x*) < a(1+8€)cost(S* x*)
|G| — 1S/ 1S Rl

5 (1-—4e)-

a(l+ 8¢e)(1 + €)cost(P*, x*) - a(1+ 10€)cost(P*,x™)

< <
| P*| |P*|
- x"is a (y, 4€ a(1 + 10¢€))-approximation of P.



Computing a (y, €, a, f)-approximation

* Proof 1:

cost(Gx") < cost(s’x") < a-cost(S*,x*) < a(1+8€)cost(S* x*)

o) (A—4e) — =7 s'] 5]

- a(l+ 8¢e)(1 + €)cost(P*, x*) - a(1+ 10€)cost(P*,x™)
B [P B [P
- x"is a (y, 4€ a(1 + 10¢€))-approximation of P.

Id . .
o > (1 —18e)y|P| points, then cost (G, x") is

— x' is a (y, 18¢, a)-approximation for P.

1+10€ -

» If we leave In G only the closest

reduced by a factor of at least



Computing a (y, €, a, f)-approximation

2
Prove that a %—sample of P

Is a (y, €)-coreset for P ‘/

[ ) Proof1l )
[ Construct a J »| (v, €)-coreset S l| (v, €, a, 1)--
ye-sample approximation
Proof 2 o l J

Prove that a ((1 — €)y, €, a, 1)-approximation
of Sisa (y, 18¢, a, 1)-approximation of P




Computing a (y, €, a, f)-approximation

* Claim 2:

Let P be a set of points and dist: P X X — [0, ). Lete € (o,i),y € (0.1]. Let S be an
2
(%)-approximation of P such that |P[,|S| = % Then S isa (y, €)-coreset of P.

* Proof 2:

We will not prove this Claim.




We want to solve:

Summary
[ (a, B)-approx for P ]




We want to solve:

Summary

[ (a, B)-approx for P ]

1

~ ™
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