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Reminder - Definitions (𝑘-centers)

Let 𝑃 be an input set of 𝑛 elements, 𝑋 be a query space and 𝑑𝑖𝑠𝑡: 𝑃 × 𝑋 → [0,∞).
For every 𝑝 ∈ 𝑃 and 𝑌 ⊆ 𝑋 define 𝑑𝑖𝑠𝑡 𝑝, 𝑌 = min

𝑦∈𝑌
𝑑𝑖𝑠𝑡(𝑝, 𝑦).

➢ 𝑂𝑃𝑇𝑘 = min
𝑌⊆𝑋, 𝑌 =𝑘

σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑌 .

➢ 𝑌′ is an 𝛼𝑘-approximation if 𝑌′ = 𝑘 and σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑌′ ≤ 𝛼 ⋅ 𝑂𝑃𝑇𝑘.

➢ 𝑌 ⊆ 𝑋 is a 𝛽𝑘-approximation if 𝑌 = 𝛽𝑘 and σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑌 ≤ 𝑂𝑃𝑇𝑘.

➢ 𝑌′ ⊆ 𝑋 is an 𝛼, 𝛽 𝑘-approximation if 𝑌′ = 𝛽𝑘 and σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑌 ≤ 𝛼 ⋅ 𝑂𝑃𝑇𝑘

Define 𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑃, 𝑌, 𝛾 to be the 1 − 𝛾 𝑛 points 𝑝 ∈ 𝑃 with smallest value 
𝑑𝑖𝑠𝑡(𝑝, 𝑌).

➢ 𝛾-𝑅𝑜𝑏𝑢𝑠𝑡-𝑂𝑃𝑇𝑘 = min
𝑌⊆𝑋, 𝑌 =𝑘

σ𝑝∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑃,𝑌,𝛾 𝑑𝑖𝑠𝑡 𝑝, 𝑌 .



Reminder - Definitions (𝑘-centers)

Define 𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑃, 𝑌, 𝛾 to be the 1 − 𝛾 𝑛 points 𝑝 ∈ 𝑃 with smallest value 
𝑑𝑖𝑠𝑡(𝑝, 𝑌).

➢ 𝛾-𝑅𝑜𝑏𝑢𝑠𝑡-𝑂𝑃𝑇𝑘 = min
𝑌⊆𝑋, 𝑌 =𝑘

σ𝑝∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑃,𝑌,𝛾 𝑑𝑖𝑠𝑡 𝑝, 𝑌 .

➢ 𝑌′ ⊆ 𝑋 is a 𝛾, 𝛼, 𝛽 𝑘-approximation if 𝑌′ = 𝛽𝑘 and 



𝑝∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑃,𝑌′,𝛾

𝑑𝑖𝑠𝑡 𝑝, 𝑌′ ≤ 𝛼 ⋅ 𝛾−𝑅𝑜𝑏𝑢𝑠𝑡−𝑂𝑃𝑇𝑘

➢ 𝑌′ ⊆ 𝑋 is a 𝛾, 𝜖, 𝛼, 𝛽 𝑘-approximation if 𝑌′ = 𝛽𝑘 and 



𝑝∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑃,𝑌′,(1−𝜖)𝛾

𝑑𝑖𝑠𝑡 𝑝, 𝑌′ ≤ 𝛼 ⋅ 𝛾−𝑅𝑜𝑏𝑢𝑠𝑡−𝑂𝑃𝑇𝑘



Computing a 𝛾, 𝜖, 𝛼, 𝛽 -approximation

Claim:

A 𝜸, 𝟎, 𝟐𝒓, 𝟏 𝒌-approximation can 

be computed in 𝑂 𝑛𝑘 time.



Computing a 𝛾, 𝜖, 𝛼, 𝛽 -approximation

Claim:

A 𝜸, 𝟎, 𝟐𝒓, 𝟏 𝒌-approximation can 

be computed in 𝑂 𝑛𝑘 time.

Let 𝒀∗ = 𝒚𝟏, 𝒚𝟐 be a 𝛾-𝑅𝑜𝑏𝑢𝑠𝑡-𝑂𝑃𝑇𝑘.



Computing a 𝛾, 𝜖, 𝛼, 𝛽 -approximation

Claim:

A 𝜸, 𝟎, 𝟐𝒓, 𝟏 𝒌-approximation can 

be computed in 𝑂 𝑛𝑘 time.
𝑦1

𝑦2

Let 𝒀∗ = 𝒚𝟏, 𝒚𝟐 be a 𝛾-𝑅𝑜𝑏𝑢𝑠𝑡-𝑂𝑃𝑇𝑘.



Computing a 𝛾, 𝜖, 𝛼, 𝛽 -approximation

Claim:

A 𝜸, 𝟎, 𝟐𝒓, 𝟏 𝒌-approximation can 

be computed in 𝑂 𝑛𝑘 time.
𝑦1

𝑦2

𝒀∗ = 𝒂𝒓𝒈 min
𝒀⊆𝑿, 𝒀 =𝒌



𝒑∈𝒄𝒍𝒐𝒔𝒆𝒔𝒕 𝑷,𝒀,𝜸

𝒅𝒊𝒔𝒕(𝒑, 𝒀)

Let 𝒀∗ = 𝒚𝟏, 𝒚𝟐 be a 𝛾-𝑅𝑜𝑏𝑢𝑠𝑡-𝑂𝑃𝑇𝑘.



Computing a 𝛾, 𝜖, 𝛼, 𝛽 -approximation

Claim:

A 𝜸, 𝟎, 𝟐𝒓, 𝟏 𝒌-approximation can 

be computed in 𝑂 𝑛𝑘 time.
𝑦1

𝑦2

Let 𝒀∗ = 𝒚𝟏, 𝒚𝟐 be a 𝛾-𝑅𝑜𝑏𝑢𝑠𝑡-𝑂𝑃𝑇𝑘.

Moving each 𝑦 ∈ 𝑌∗ to its closest 

𝑝 ∈ 𝑐𝑙𝑜𝑠𝑒𝑠𝑡 𝑃, 𝑌∗, 𝛾 will increase the 

distance of each point by a factor of 

𝛼 = 2𝑟 (worst case).



Moving each 𝑦 ∈ 𝑌∗ to its closest 

𝑝 ∈ 𝑐𝑙𝑜𝑠𝑒𝑠𝑡 𝑃, 𝑌∗, 𝛾 will increase the 

distance of each point by a factor of 

𝛼 = 2𝑟 (worst case).

Computing a 𝛾, 𝜖, 𝛼, 𝛽 -approximation

Claim:

A 𝜸, 𝟎, 𝟐𝒓, 𝟏 𝒌-approximation can 

be computed in 𝑂 𝑛𝑘 time.

𝑦′1

𝑦′2

Let 𝒀∗ = 𝒚𝟏, 𝒚𝟐 be a 𝛾-𝑅𝑜𝑏𝑢𝑠𝑡-𝑂𝑃𝑇𝑘.

𝒀′ = 𝒚′𝟏, 𝒚′𝟐



Computing a 𝛾, 𝜖, 𝛼, 𝛽 -approximation

𝑦′2



𝑝∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑃,𝑌′,𝛾

𝑑𝑖𝑠𝑡 𝑝, 𝑌′

𝑦′1



Computing a 𝛾, 𝜖, 𝛼, 𝛽 -approximation

𝑦′2



𝑝∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑃,𝑌′,𝛾

𝑑𝑖𝑠𝑡 𝑝, 𝑌′

≤ 

𝑝∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑃,𝑌∗,𝛾

𝑑𝑖𝑠𝑡 𝑝, 𝑌′

𝑦′1



Computing a 𝛾, 𝜖, 𝛼, 𝛽 -approximation

𝑦′2



𝑝∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑃,𝑌′,𝛾

𝑑𝑖𝑠𝑡 𝑝, 𝑌′

≤ 

𝑝∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑃,𝑌∗,𝛾

𝑑𝑖𝑠𝑡 𝑝, 𝑌′

≤ 

𝑝∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑃,𝑌∗,𝛾

𝜌 𝑑𝑖𝑠𝑡 𝑝, 𝑦∗ + 𝑑𝑖𝑠𝑡 𝑦∗𝑦′

𝑦′1



Computing a 𝛾, 𝜖, 𝛼, 𝛽 -approximation

𝑦′2



𝑝∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑃,𝑌′,𝛾

𝑑𝑖𝑠𝑡 𝑝, 𝑌′

≤ 

𝑝∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑃,𝑌∗,𝛾

𝑑𝑖𝑠𝑡 𝑝, 𝑌′

≤ 

𝑝∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑃,𝑌∗,𝛾

𝜌 𝑑𝑖𝑠𝑡 𝑝, 𝑦∗ + 𝑑𝑖𝑠𝑡 𝑦∗𝑦′

≤ 

𝑝∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑃,𝑌∗,𝛾

𝜌 ⋅ 2 ⋅ 𝑑𝑖𝑠𝑡 𝑝, 𝑦∗

𝑦′1



Computing a 𝛾, 𝜖, 𝛼, 𝛽 -approximation

𝑦′2



𝑝∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑃,𝑌′,𝛾

𝑑𝑖𝑠𝑡 𝑝, 𝑌′

≤ 

𝑝∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑃,𝑌∗,𝛾

𝑑𝑖𝑠𝑡 𝑝, 𝑌′

≤ 

𝑝∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑃,𝑌∗,𝛾

𝜌 𝑑𝑖𝑠𝑡 𝑝, 𝑦∗ + 𝑑𝑖𝑠𝑡 𝑦∗𝑦′

≤ 

𝑝∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑃,𝑌∗,𝛾

𝜌 ⋅ 2 ⋅ 𝑑𝑖𝑠𝑡 𝑝, 𝑦∗

≤ 2𝑟−1 ⋅ 2 ⋅ 

𝑝∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑃,𝑌∗,𝛾

𝑑𝑖𝑠𝑡 𝑝, 𝑦∗

𝑦′1



Computing a 𝛾, 𝜖, 𝛼, 𝛽 -approximation

𝑦′2



𝑝∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑃,𝑌′,𝛾

𝑑𝑖𝑠𝑡 𝑝, 𝑌′

≤ 

𝑝∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑃,𝑌∗,𝛾

𝑑𝑖𝑠𝑡 𝑝, 𝑌′

≤ 

𝑝∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑃,𝑌∗,𝛾

𝜌 𝑑𝑖𝑠𝑡 𝑝, 𝑦∗ + 𝑑𝑖𝑠𝑡 𝑦∗𝑦′

≤ 

𝑝∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑃,𝑌∗,𝛾

𝜌 ⋅ 2 ⋅ 𝑑𝑖𝑠𝑡 𝑝, 𝑦∗

≤ 2𝑟−1 ⋅ 2 ⋅ 

𝑝∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑃,𝑌∗,𝛾

𝑑𝑖𝑠𝑡 𝑝, 𝑦∗

= 2𝑟 ⋅ 𝛾−𝑅𝑜𝑏𝑢𝑠𝑡−𝑂𝑃𝑇𝑘

𝑦′1



Computing a 𝛾, 𝜖, 𝛼, 𝛽 -approximation

Claim:

A 𝜸, 𝟎, 𝟐𝒓, 𝟏 𝒌-approximation can 

be computed in 𝑂 𝑛𝑘 time.

Algorithm:

Exhaustive search over all the 
𝑘-tuples of points in 𝑃.

𝑦′2

𝑦′1



Computing a 𝛾, 𝜖, 𝛼, 𝛽 -approximation

Claim:

A 𝜸, 𝟎, 𝟐𝒓, 𝟏 𝒌-approximation can 

be computed in 𝑂 𝑛𝑘 time.

Algorithm:

Exhaustive search over all the 
𝑘-tuples of points in 𝑃.

𝑦′2

𝑦′1

Inefficient!



(𝛾, 𝜖)-coreset

Definition:

Let 𝜖 ∈ 0,
1

2
and 𝛾 ∈ (0,1]. Let 𝑃, 𝑆 ⊆ 𝐷 be two sets of elements. 

Let 𝑑𝑖𝑠𝑡: 𝐷 × 𝑋 → [0,∞). For every 𝑥 ∈ 𝑋:

• 𝑃𝑥 denotes the 𝛾|𝑃| elements 𝑝 ∈ 𝑃 with smallest value 𝑑𝑖𝑠𝑡 𝑝, 𝑥 .

• 𝑆𝑥 denotes the 1 − 𝜖 𝛾|𝑆| elements 𝑝 ∈ 𝑆 with smallest value 𝑑𝑖𝑠𝑡 𝑝, 𝑥 .

• 𝐺𝑥 ⊆ 𝑃𝑥 denotes the 1 − 2𝜖 𝛾|𝑃| elements 𝑝 ∈ 𝑃 with smallest value 𝑑𝑖𝑠𝑡 𝑝, 𝑥 .

➢ The set 𝑆 is (𝛾, 𝜖)-good for 𝑃 if:

∀𝑥 ∈ 𝑋: 1 − 𝜖 ⋅
𝑐𝑜𝑠𝑡 𝐺𝑥 , 𝑥

𝐺𝑥
≤
cos𝑡 𝑆𝑥 , 𝑥

𝑆𝑥
≤
𝑐𝑜𝑠𝑡 𝑃𝑥 , 𝑥

𝑃𝑥
⋅ 1 + 𝜖

➢ The set 𝑆 is a (𝛾, 𝜖)-coreset of 𝑃 if for every 𝛾′ ∈ 𝛾, 1 , 𝜖′ ∈ 𝜖,
1

2
we have that 𝑆 is 

𝛾′, 𝜖′ -good for 𝑃.



(𝛾, 𝜖)-coreset



(𝛾, 𝜖)-coreset
𝑆 is a 𝛾, 𝜖 -coreset 

𝜸 =
𝟐

𝟑
, 𝝐 =

𝟏

𝟐



(𝛾, 𝜖)-coreset

x

𝑆 is a 𝛾, 𝜖 -coreset 
𝜸 =

𝟐

𝟑
, 𝝐 =

𝟏

𝟐



(𝛾, 𝜖)-coreset

x

𝑆 is a 𝛾, 𝜖 -coreset 

𝑷𝒙 → 𝜸|𝑷| 𝒑𝒐𝒊𝒏𝒕𝒔
𝒑 ∈ 𝑷 𝒘𝒊𝒕𝒉

𝒔𝒎𝒂𝒍𝒍𝒆𝒔𝒕 𝒅𝒊𝒔𝒕 𝒑, 𝒙

𝜸 =
𝟐

𝟑
, 𝝐 =

𝟏

𝟐



(𝛾, 𝜖)-coreset

x

𝑆 is a 𝛾, 𝜖 -coreset 

𝑷𝒙 → 𝜸|𝑷| 𝒑𝒐𝒊𝒏𝒕𝒔
𝒑 ∈ 𝑷 𝒘𝒊𝒕𝒉

𝒔𝒎𝒂𝒍𝒍𝒆𝒔𝒕 𝒅𝒊𝒔𝒕 𝒑, 𝒙

𝑮𝒙 → 𝟏 − 𝟐𝝐 𝜸|𝑷|
𝒑𝒐𝒊𝒏𝒕𝒔 𝒑 ∈ 𝑷 𝒘𝒊𝒕𝒉
𝒔𝒎𝒂𝒍𝒍𝒆𝒔𝒕 𝒅𝒊𝒔𝒕 𝒑, 𝒙

𝜸 =
𝟐

𝟑
, 𝝐 =

𝟏

𝟐



(𝛾, 𝜖)-coreset

x

𝑆 is a 𝛾, 𝜖 -coreset 

𝑷𝒙 → 𝜸|𝑷| 𝒑𝒐𝒊𝒏𝒕𝒔
𝒑 ∈ 𝑷 𝒘𝒊𝒕𝒉

𝒔𝒎𝒂𝒍𝒍𝒆𝒔𝒕 𝒅𝒊𝒔𝒕 𝒑, 𝒙

𝑮𝒙 → 𝟏 − 𝟐𝝐 𝜸|𝑷|
𝒑𝒐𝒊𝒏𝒕𝒔 𝒑 ∈ 𝑷 𝒘𝒊𝒕𝒉
𝒔𝒎𝒂𝒍𝒍𝒆𝒔𝒕 𝒅𝒊𝒔𝒕 𝒑, 𝒙

𝑺𝒙 → 𝟏 − 𝝐 𝜸|𝑷| 𝒑𝒐𝒊𝒏𝒕𝒔
𝒔 ∈ 𝑺 𝒘𝒊𝒕𝒉 𝒔𝒎𝒂𝒍𝒍𝒆𝒔𝒕

𝒅𝒊𝒔𝒕 𝒔, 𝒙

𝜸 =
𝟐

𝟑
, 𝝐 =

𝟏

𝟐



(𝛾, 𝜖)-coreset

x

𝑷𝒙 → 𝜸|𝑷| 𝒑𝒐𝒊𝒏𝒕𝒔
𝒑 ∈ 𝑷 𝒘𝒊𝒕𝒉

𝒔𝒎𝒂𝒍𝒍𝒆𝒔𝒕 𝒅𝒊𝒔𝒕 𝒑, 𝒙

𝑮𝒙 → 𝟏 − 𝟐𝝐 𝜸|𝑷|
𝒑𝒐𝒊𝒏𝒕𝒔 𝒑 ∈ 𝑷 𝒘𝒊𝒕𝒉
𝒔𝒎𝒂𝒍𝒍𝒆𝒔𝒕 𝒅𝒊𝒔𝒕 𝒑, 𝒙

𝑺𝒙 → 𝟏 − 𝝐 𝜸|𝑷| 𝒑𝒐𝒊𝒏𝒕𝒔
𝒔 ∈ 𝑺 𝒘𝒊𝒕𝒉 𝒔𝒎𝒂𝒍𝒍𝒆𝒔𝒕

𝒅𝒊𝒔𝒕 𝒔, 𝒙

𝟏 − 𝝐 ⋅
𝒄𝒐𝒔𝒕 𝑮𝒙, 𝒙

𝑮𝒙
≤
𝒄𝒐𝒔𝒕 𝑺𝒙, 𝒙

𝑺𝒙
≤
𝒄𝒐𝒔𝒕 𝑷𝒙, 𝒙

𝑷𝒙
⋅ 𝟏 + 𝝐



Computing a 𝛾, 𝜖, 𝛼, 𝛽 -approximation

Construct a 

𝛾𝜖-sample
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Construct a 

𝛾𝜖-sample

Prove that a 
𝛾𝜖2

63
-sample of 𝑃

is a (𝛾, 𝜖)-coreset for 𝑃

Proof 2
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Construct a 

𝛾𝜖-sample
(𝛾, 𝜖)-coreset 𝑆

Prove that a 
𝛾𝜖2

63
-sample of 𝑃

is a (𝛾, 𝜖)-coreset for 𝑃

Proof 2
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Construct a 

𝛾𝜖-sample
(𝛾, 𝜖)-coreset 𝑆

Prove that a 
𝛾𝜖2

63
-sample of 𝑃

is a (𝛾, 𝜖)-coreset for 𝑃

Prove that a 1 − 𝜖 𝛾, 𝜖, 𝛼, 1 -approximation 

of 𝑆 is a 𝛾, 18𝜖, 𝛼, 1 -approximation of 𝑃

Proof 2

Proof 1
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Construct a 

𝛾𝜖-sample
(𝛾, 𝜖)-coreset 𝑆

Prove that a 
𝛾𝜖2

63
-sample of 𝑃

is a (𝛾, 𝜖)-coreset for 𝑃

𝛾, 𝜖, 𝛼, 1 -

approximation

Prove that a 1 − 𝜖 𝛾, 𝜖, 𝛼, 1 -approximation 

of 𝑆 is a 𝛾, 18𝜖, 𝛼, 1 -approximation of 𝑃

Proof 2

Proof 1
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• Claim 1:

Let 𝑃 be a set of points and 𝑑𝑖𝑠𝑡: 𝑃 × 𝑋 → 0,∞ . Let 𝜖 ∈ 0,
1

10
, 𝛾 ∈ 0,1 . 

Suppose that 𝑆 is a 𝛾, 𝜖 -coreset of 𝑃 and that 𝑃 ≥ 𝑆 ≥
2

𝜖𝛾
. Let 𝛼 > 0. Then a 

1 − 𝜖 𝛾, 𝜖, 𝛼 -approximation of 𝑆 is also a 𝛾, 18𝜖, 𝛼 -approximation of 𝑃.
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• Proof 1:

Definitions:

𝑆 is a 𝛾, 𝜖 -coreset 
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• Proof 1:

Definitions:

𝑥∗𝑥′

𝒙∗ is a 𝜸, 𝟎, 𝟎 -approx for 𝑷

𝒙′ is a 𝟏 − 𝝐 𝜸, 𝝐, 𝜶 -approx for 𝑺

𝑆 is a 𝛾, 𝜖 -coreset 



Computing a 𝛾, 𝜖, 𝛼, 𝛽 -approximation

• Proof 1:

Definitions:

𝑥∗𝑥′

𝒙∗ is a 𝜸, 𝟎, 𝟎 -approx for 𝑷

𝒙′ is a 𝟏 − 𝝐 𝜸, 𝝐, 𝜶 -approx for 𝑺

𝑮 → 𝟏 − 𝟖𝝐 𝜸|𝑷|
𝒑𝒐𝒊𝒏𝒕𝒔 𝒑 ∈ 𝑷 𝒘𝒊𝒕𝒉
𝒔𝒎𝒂𝒍𝒍𝒆𝒔𝒕 𝒅𝒊𝒔𝒕 𝒑, 𝒙′

𝑆 is a 𝛾, 𝜖 -coreset 
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• Proof 1:

Definitions:

𝑥∗𝑥′

𝒙∗ is a 𝜸, 𝟎, 𝟎 -approx for 𝑷

𝒙′ is a 𝟏 − 𝝐 𝜸, 𝝐, 𝜶 -approx for 𝑺

𝑺′ → 𝟏 − 𝟒𝝐 𝜸|𝑺|
𝒑𝒐𝒊𝒏𝒕𝒔 𝒔 ∈ 𝑺 𝒘𝒊𝒕𝒉
𝒔𝒎𝒂𝒍𝒍𝒆𝒔𝒕 𝒅𝒊𝒔𝒕 𝒔, 𝒙′

𝑆 is a 𝛾, 𝜖 -coreset 
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• Proof 1:

Definitions:

𝑥∗𝑥′

𝒙∗ is a 𝜸, 𝟎, 𝟎 -approx for 𝑷

𝒙′ is a 𝟏 − 𝝐 𝜸, 𝝐, 𝜶 -approx for 𝑺

𝑺∗ → 𝟏 − 𝝐 𝜸|𝑺|
𝒑𝒐𝒊𝒏𝒕𝒔 𝒔 ∈ 𝑺 𝒘𝒊𝒕𝒉
𝒔𝒎𝒂𝒍𝒍𝒆𝒔𝒕 𝒅𝒊𝒔𝒕 𝒔, 𝒙∗

𝑆 is a 𝛾, 𝜖 -coreset 
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• Proof 1:

Definitions:

𝑥∗𝑥′

𝒙∗ is a 𝜸, 𝟎, 𝟎 -approx for 𝑷

𝒙′ is a 𝟏 − 𝝐 𝜸, 𝝐, 𝜶 -approx for 𝑺

𝑮 → 𝟏 − 𝟖𝝐 𝜸|𝑷|
𝒑𝒐𝒊𝒏𝒕𝒔 𝒑 ∈ 𝑷 𝒘𝒊𝒕𝒉
𝒔𝒎𝒂𝒍𝒍𝒆𝒔𝒕 𝒅𝒊𝒔𝒕 𝒑, 𝒙′

𝑺′ → 𝟏 − 𝟒𝝐 𝜸|𝑺|
𝒑𝒐𝒊𝒏𝒕𝒔 𝒔 ∈ 𝑺 𝒘𝒊𝒕𝒉
𝒔𝒎𝒂𝒍𝒍𝒆𝒔𝒕 𝒅𝒊𝒔𝒕 𝒔, 𝒙′

𝑺∗ → 𝟏 − 𝝐 𝜸|𝑺|
𝒑𝒐𝒊𝒏𝒕𝒔 𝒔 ∈ 𝑺 𝒘𝒊𝒕𝒉
𝒔𝒎𝒂𝒍𝒍𝒆𝒔𝒕 𝒅𝒊𝒔𝒕 𝒔, 𝒙∗

𝑆 is a 𝛾, 𝜖 -coreset 



Computing a 𝛾, 𝜖, 𝛼, 𝛽 -approximation

• Proof 1:

1)
1−4𝜖 𝑆∗ −1

1−𝜖
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• Proof 1:

1)
1−4𝜖 𝑆∗ −1

1−𝜖
≤

1−4𝜖 1−𝜖 𝛾 𝑆

1−𝜖

𝑆∗ − 1 ≤ 1 − 𝜖 𝛾 𝑆
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• Proof 1:

1)
1−4𝜖 𝑆∗ −1

1−𝜖
≤

1−4𝜖 1−𝜖 𝛾 𝑆

1−𝜖
≤ 1 − 4𝜖 𝛾 𝑆 ≤ 𝑆′

𝑆∗ − 1 ≤ 1 − 𝜖 𝛾 𝑆 𝑆′ ≥ 1 − 4𝜖 𝛾|𝑆|
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• Proof 1:

1)
1−4𝜖 𝑆∗ −1

1−𝜖
≤

1−4𝜖 1−𝜖 𝛾 𝑆

1−𝜖
≤ 1 − 4𝜖 𝛾 𝑆 ≤ 𝑆′

→ 𝑺∗ ≤
𝟏 − 𝝐 𝑺′

𝟏 − 𝟒𝝐
+ 𝟏
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• Proof 1:

1)
1−4𝜖 𝑆∗ −1

1−𝜖
≤

1−4𝜖 1−𝜖 𝛾 𝑆

1−𝜖
≤ 1 − 4𝜖 𝛾 𝑆 ≤ 𝑆′

→ 𝑺∗ ≤
𝟏 − 𝝐 𝑺′

𝟏 − 𝟒𝝐
+ 𝟏

2) 𝑆∗ ≤
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• Proof 1:

1)
1−4𝜖 𝑆∗ −1

1−𝜖
≤

1−4𝜖 1−𝜖 𝛾 𝑆

1−𝜖
≤ 1 − 4𝜖 𝛾 𝑆 ≤ 𝑆′

→ 𝑺∗ ≤
𝟏 − 𝝐 𝑺′

𝟏 − 𝟒𝝐
+ 𝟏

2) 𝑆∗ ≤
1−𝜖 𝑆′

1−4𝜖
+ 1

By (1)
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• Proof 1:

1)
1−4𝜖 𝑆∗ −1

1−𝜖
≤

1−4𝜖 1−𝜖 𝛾 𝑆

1−𝜖
≤ 1 − 4𝜖 𝛾 𝑆 ≤ 𝑆′

→ 𝑺∗ ≤
𝟏 − 𝝐 𝑺′

𝟏 − 𝟒𝝐
+ 𝟏

2) 𝑆∗ ≤
1−𝜖 𝑆′

1−4𝜖
+ 1 ≤ 1 + 8𝜖 1 − 𝜖 𝑆′ + 1 + 8𝜖 𝜖 𝑆′

By (1) 1. 
1

1−4𝜖
~1 + 4𝜖 ≤ 1 + 8𝜖

2. 1 ≤ 1 + 8𝜖 𝜖 1 − 4𝜖 𝛾 𝑆 ≤ 1 + 8𝜖 𝜖 𝑆′

𝑆 ≥
2

𝜖𝛾
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• Proof 1:

1)
1−4𝜖 𝑆∗ −1

1−𝜖
≤

1−4𝜖 1−𝜖 𝛾 𝑆

1−𝜖
≤ 1 − 4𝜖 𝛾 𝑆 ≤ 𝑆′

→ 𝑺∗ ≤
𝟏 − 𝝐 𝑺′

𝟏 − 𝟒𝝐
+ 𝟏

2) 𝑆∗ ≤
1−𝜖 𝑆′

1−4𝜖
+ 1 ≤ 1 + 8𝜖 1 − 𝜖 𝑆′ + 1 + 8𝜖 𝜖 𝑆′ = 1 + 8𝜖 𝑆′

By (1) 1. 
1

1−4𝜖
~1 + 4𝜖 ≤ 1 + 8𝜖

2. 1 ≤ 1 + 8𝜖 𝜖 1 − 4𝜖 𝛾 𝑆 ≤ 1 + 8𝜖 𝜖 𝑆′

𝑆 ≥
2

𝜖𝛾
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• Proof 1:

1)
1−4𝜖 𝑆∗ −1

1−𝜖
≤

1−4𝜖 1−𝜖 𝛾 𝑆

1−𝜖
≤ 1 − 4𝜖 𝛾 𝑆 ≤ 𝑆′

→ 𝑺∗ ≤
𝟏 − 𝝐 𝑺′

𝟏 − 𝟒𝝐
+ 𝟏

2) 𝑆∗ ≤
1−𝜖 𝑆′

1−4𝜖
+ 1 ≤ 1 + 8𝜖 1 − 𝜖 𝑆′ + 1 + 8𝜖 𝜖 𝑆′ = 1 + 8𝜖 𝑆′

→
𝑺∗

𝟏 + 𝟖𝝐
≤ 𝑺′
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• Proof 1:

3) 𝑆′ ≤



Computing a 𝛾, 𝜖, 𝛼, 𝛽 -approximation

• Proof 1:

3) 𝑆′ ≤ 1 − 4𝜖 𝛾 𝑆 + 1

𝑆′ = 𝟏 − 𝟒𝝐 𝜸|𝑺|



Computing a 𝛾, 𝜖, 𝛼, 𝛽 -approximation

• Proof 1:

3) 𝑆′ ≤ 1 − 4𝜖 𝛾 𝑆 + 1 ≤ 1 − 4𝜖 𝛾 𝑆 + 2𝜖𝛾 𝑆

𝑆′ = 𝟏 − 𝟒𝝐 𝜸|𝑺| 1 ≤ 2𝜖𝛾 𝑆



Computing a 𝛾, 𝜖, 𝛼, 𝛽 -approximation

• Proof 1:

3) 𝑆′ ≤ 1 − 4𝜖 𝛾 𝑆 + 1 ≤ 1 − 4𝜖 𝛾 𝑆 + 2𝜖𝛾 𝑆 = 1 − 2𝜖 𝛾 𝑆

𝑆′ = 𝟏 − 𝟒𝝐 𝜸|𝑺| 1 ≤ 2𝜖𝛾 𝑆
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• Proof 1:

3) 𝑆′ ≤ 1 − 4𝜖 𝛾 𝑆 + 1 ≤ 1 − 4𝜖 𝛾 𝑆 + 2𝜖𝛾 𝑆 = 1 − 2𝜖 𝛾 𝑆 ≤ 1 − 𝜖 2𝛾 𝑆

𝑆′ = 𝟏 − 𝟒𝝐 𝜸|𝑺| 1 ≤ 2𝜖𝛾 𝑆 1 − 2𝜖 ≤ 1 − 𝜖 2
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• Proof 1:

3) 𝑆′ ≤ 1 − 4𝜖 𝛾 𝑆 + 1 ≤ 1 − 4𝜖 𝛾 𝑆 + 2𝜖𝛾 𝑆 = 1 − 2𝜖 𝛾 𝑆 ≤ 1 − 𝜖 2𝛾 𝑆

→ 𝑺′ ≤ 𝟏 − 𝝐 𝟐𝜸|𝑺|



Computing a 𝛾, 𝜖, 𝛼, 𝛽 -approximation

• Proof 1:

3) 𝑆′ ≤ 1 − 4𝜖 𝛾 𝑆 + 1 ≤ 1 − 4𝜖 𝛾 𝑆 + 2𝜖𝛾 𝑆 = 1 − 2𝜖 𝛾 𝑆 ≤ 1 − 𝜖 2𝛾 𝑆

→ 𝑺′ ≤ 𝟏 − 𝝐 𝟐𝜸|𝑺|

4)
𝑐𝑜𝑠𝑡 𝑆′, 𝑥′
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• Proof 1:

3) 𝑆′ ≤ 1 − 4𝜖 𝛾 𝑆 + 1 ≤ 1 − 4𝜖 𝛾 𝑆 + 2𝜖𝛾 𝑆 = 1 − 2𝜖 𝛾 𝑆 ≤ 1 − 𝜖 2𝛾 𝑆

→ 𝑺′ ≤ 𝟏 − 𝝐 𝟐𝜸|𝑺|

4)

𝑐𝑜𝑠𝑡 𝑆′, 𝑥′ = 

𝑠∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑆,𝑥′,(1−4𝜖)𝛾

𝑑𝑖𝑠𝑡 𝑠, 𝑥′



Computing a 𝛾, 𝜖, 𝛼, 𝛽 -approximation

• Proof 1:

3) 𝑆′ ≤ 1 − 4𝜖 𝛾 𝑆 + 1 ≤ 1 − 4𝜖 𝛾 𝑆 + 2𝜖𝛾 𝑆 = 1 − 2𝜖 𝛾 𝑆 ≤ 1 − 𝜖 2𝛾 𝑆

→ 𝑺′ ≤ 𝟏 − 𝝐 𝟐𝜸|𝑺|

4)

𝑐𝑜𝑠𝑡 𝑆′, 𝑥′ = 

𝑠∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑆,𝑥′,(1−4𝜖)𝛾

𝑑𝑖𝑠𝑡 𝑠, 𝑥′ ≤ 

𝑠∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑆,𝑥′, 1−𝜖 2𝛾

𝑑𝑖𝑠𝑡 𝑠, 𝑥′
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• Proof 1:

3) 𝑆′ ≤ 1 − 4𝜖 𝛾 𝑆 + 1 ≤ 1 − 4𝜖 𝛾 𝑆 + 2𝜖𝛾 𝑆 = 1 − 2𝜖 𝛾 𝑆 ≤ 1 − 𝜖 2𝛾 𝑆

→ 𝑺′ ≤ 𝟏 − 𝝐 𝟐𝜸|𝑺|

4)

𝑐𝑜𝑠𝑡 𝑆′, 𝑥′ = 

𝑠∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑆,𝑥′,(1−4𝜖)𝛾

𝑑𝑖𝑠𝑡 𝑠, 𝑥′ ≤ 

𝑠∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑆,𝑥′, 1−𝜖 2𝛾

𝑑𝑖𝑠𝑡 𝑠, 𝑥′

≤ 𝛼 ⋅ 

𝑠∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑆,𝑥𝑆
∗ , 1−𝜖 𝛾

𝑑𝑖𝑠𝑡 𝑠, 𝑥𝑆
∗

Def. of 𝑥′

𝑥𝑆
∗ is a 1 − 𝜖 𝛾-robust-opt
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• Proof 1:

3) 𝑆′ ≤ 1 − 4𝜖 𝛾 𝑆 + 1 ≤ 1 − 4𝜖 𝛾 𝑆 + 2𝜖𝛾 𝑆 = 1 − 2𝜖 𝛾 𝑆 ≤ 1 − 𝜖 2𝛾 𝑆

→ 𝑺′ ≤ 𝟏 − 𝝐 𝟐𝜸|𝑺|

4)

𝑐𝑜𝑠𝑡 𝑆′, 𝑥′ = 

𝑠∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑆,𝑥′,(1−4𝜖)𝛾

𝑑𝑖𝑠𝑡 𝑠, 𝑥′ ≤ 

𝑠∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑆,𝑥′, 1−𝜖 2𝛾

𝑑𝑖𝑠𝑡 𝑠, 𝑥′

≤ 𝛼 ⋅ 

𝑠∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑆,𝑥𝑆
∗ , 1−𝜖 𝛾

𝑑𝑖𝑠𝑡 𝑠, 𝑥𝑆
∗ ≤ 

𝑠∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑆,𝑥∗, 1−𝜖 𝛾

𝑑𝑖𝑠𝑡 𝑠, 𝑥∗
Def. of 𝑥′

𝑥𝑆
∗ is a 1 − 𝜖 𝛾-robust-opt
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• Proof 1:

3) 𝑆′ ≤ 1 − 4𝜖 𝛾 𝑆 + 1 ≤ 1 − 4𝜖 𝛾 𝑆 + 2𝜖𝛾 𝑆 = 1 − 2𝜖 𝛾 𝑆 ≤ 1 − 𝜖 2𝛾 𝑆

→ 𝑺′ ≤ 𝟏 − 𝝐 𝟐𝜸|𝑺|

4)

𝑐𝑜𝑠𝑡 𝑆′, 𝑥′ = 

𝑠∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑆,𝑥′,(1−4𝜖)𝛾

𝑑𝑖𝑠𝑡 𝑠, 𝑥′ ≤ 

𝑠∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑆,𝑥′, 1−𝜖 2𝛾

𝑑𝑖𝑠𝑡 𝑠, 𝑥′

≤ 𝛼 ⋅ 

𝑠∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑆,𝑥𝑆
∗ , 1−𝜖 𝛾

𝑑𝑖𝑠𝑡 𝑠, 𝑥𝑆
∗ ≤ 𝛼 

𝑠∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑆,𝑥∗, 1−𝜖 𝛾

𝑑𝑖𝑠𝑡 𝑠, 𝑥∗

= 𝛼 ⋅ 𝑐𝑜𝑠𝑡(𝑆∗, 𝑥∗)

Def. of 𝑥′

𝑥𝑆
∗ is a 1 − 𝜖 𝛾-robust-opt



Computing a 𝛾, 𝜖, 𝛼, 𝛽 -approximation

• Proof 1:

3) 𝑆′ ≤ 1 − 4𝜖 𝛾 𝑆 + 1 ≤ 1 − 4𝜖 𝛾 𝑆 + 2𝜖𝛾 𝑆 = 1 − 2𝜖 𝛾 𝑆 ≤ 1 − 𝜖 2𝛾 𝑆

→ 𝑺′ ≤ 𝟏 − 𝝐 𝟐𝜸|𝑺|

4)

𝑐𝑜𝑠𝑡 𝑆′, 𝑥′ = 

𝑠∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑆,𝑥′,(1−4𝜖)𝛾

𝑑𝑖𝑠𝑡 𝑠, 𝑥′ ≤ 

𝑠∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑆,𝑥′, 1−𝜖 2𝛾

𝑑𝑖𝑠𝑡 𝑠, 𝑥′

≤ 𝛼 ⋅ 

𝑠∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑆,𝑥𝑆
∗ , 1−𝜖 𝛾

𝑑𝑖𝑠𝑡 𝑠, 𝑥𝑆
∗ ≤ 𝛼 

𝑠∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑆,𝑥∗, 1−𝜖 𝛾

𝑑𝑖𝑠𝑡 𝑠, 𝑥∗

= 𝛼 ⋅ 𝑐𝑜𝑠𝑡(𝑆∗, 𝑥∗)
→ 𝒄𝒐𝒔𝒕 𝑺′, 𝒙′ ≤ 𝜶 ⋅ 𝒄𝒐𝒔𝒕 𝑺∗, 𝒙∗



Computing a 𝛾, 𝜖, 𝛼, 𝛽 -approximation

• Proof 1:

5) 1 − 4𝜖 ⋅
𝑐𝑜𝑠𝑡 𝐺,𝑥′

𝐺



Computing a 𝛾, 𝜖, 𝛼, 𝛽 -approximation

• Proof 1:

5) 1 − 4𝜖 ⋅
𝑐𝑜𝑠𝑡 𝐺,𝑥′

𝐺
≤

𝑐𝑜𝑠𝑡 𝑆′,𝑥′

𝑆′

𝑆 is a 𝛾, 𝜖 -coreset
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• Proof 1:

5) 1 − 4𝜖 ⋅
𝑐𝑜𝑠𝑡 𝐺,𝑥′

𝐺
≤

𝑐𝑜𝑠𝑡 𝑆′,𝑥′

𝑆′
≤

𝛼⋅𝑐𝑜𝑠𝑡 𝑆∗,𝑥∗

𝑆′

𝑆 is a 𝛾, 𝜖 -coreset By (4)

𝒄𝒐𝒔𝒕 𝑺′, 𝒙′ ≤ 𝜶 ⋅ 𝒄𝒐𝒔𝒕 𝑺∗, 𝒙∗



Computing a 𝛾, 𝜖, 𝛼, 𝛽 -approximation

• Proof 1:

5) 1 − 4𝜖 ⋅
𝑐𝑜𝑠𝑡 𝐺,𝑥′

𝐺
≤

𝑐𝑜𝑠𝑡 𝑆′,𝑥′

𝑆′
≤

𝛼⋅𝑐𝑜𝑠𝑡 𝑆∗,𝑥∗

𝑆′
≤

𝛼 1+8𝜖 𝑐𝑜𝑠𝑡 𝑆∗,𝑥∗

𝑆∗

𝑆 is a 𝛾, 𝜖 -coreset By (4) By (2)

𝑺∗

𝟏 + 𝟖𝝐
≤ 𝑺′
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• Proof 1:

5) 1 − 4𝜖 ⋅
𝑐𝑜𝑠𝑡 𝐺,𝑥′

𝐺
≤

𝑐𝑜𝑠𝑡 𝑆′,𝑥′

𝑆′
≤

𝛼⋅𝑐𝑜𝑠𝑡 𝑆∗,𝑥∗

𝑆′
≤

𝛼 1+8𝜖 𝑐𝑜𝑠𝑡 𝑆∗,𝑥∗

𝑆∗

≤
𝛼 1 + 8𝜖 1 + 𝜖 𝑐𝑜𝑠𝑡 𝑃∗, 𝑥∗

𝑃∗

𝑆 is a 𝛾, 𝜖 -coreset
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• Proof 1:

5) 1 − 4𝜖 ⋅
𝑐𝑜𝑠𝑡 𝐺,𝑥′

𝐺
≤

𝑐𝑜𝑠𝑡 𝑆′,𝑥′

𝑆′
≤

𝛼⋅𝑐𝑜𝑠𝑡 𝑆∗,𝑥∗

𝑆′
≤

𝛼 1+8𝜖 𝑐𝑜𝑠𝑡 𝑆∗,𝑥∗

𝑆∗

≤
𝛼 1 + 8𝜖 1 + 𝜖 𝑐𝑜𝑠𝑡 𝑃∗, 𝑥∗

𝑃∗
≤
𝛼 1 + 10𝜖 𝑐𝑜𝑠𝑡 𝑃∗, 𝑥∗

𝑃∗

𝑆 is a 𝛾, 𝜖 -coreset 1 + 8𝜖 1 + 𝜖 ≤ 1 + 10𝜖
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• Proof 1:

5) 1 − 4𝜖 ⋅
𝑐𝑜𝑠𝑡 𝐺,𝑥′

𝐺
≤

𝑐𝑜𝑠𝑡 𝑆′,𝑥′

𝑆′
≤

𝛼⋅𝑐𝑜𝑠𝑡 𝑆∗,𝑥∗

𝑆′
≤

𝛼 1+8𝜖 𝑐𝑜𝑠𝑡 𝑆∗,𝑥∗

𝑆∗

≤
𝛼 1 + 8𝜖 1 + 𝜖 𝑐𝑜𝑠𝑡 𝑃∗, 𝑥∗

𝑃∗
≤
𝛼 1 + 10𝜖 𝑐𝑜𝑠𝑡 𝑃∗, 𝑥∗

𝑃∗
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• Proof 1:

5) 1 − 4𝜖 ⋅
𝑐𝑜𝑠𝑡 𝐺,𝑥′

𝐺
≤

𝑐𝑜𝑠𝑡 𝑆′,𝑥′

𝑆′
≤

𝛼⋅𝑐𝑜𝑠𝑡 𝑆∗,𝑥∗

𝑆′
≤

𝛼 1+8𝜖 𝑐𝑜𝑠𝑡 𝑆∗,𝑥∗

𝑆∗

≤
𝛼 1 + 8𝜖 1 + 𝜖 𝑐𝑜𝑠𝑡 𝑃∗, 𝑥∗

𝑃∗
≤
𝛼 1 + 10𝜖 𝑐𝑜𝑠𝑡 𝑃∗, 𝑥∗

𝑃∗

→ 𝒙′ is a 𝜸, 𝟒𝝐, 𝜶 𝟏 + 𝟏𝟎𝝐 -approximation of 𝑷.
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• Proof 1:

5) 1 − 4𝜖 ⋅
𝑐𝑜𝑠𝑡 𝐺,𝑥′

𝐺
≤

𝑐𝑜𝑠𝑡 𝑆′,𝑥′

𝑆′
≤

𝛼⋅𝑐𝑜𝑠𝑡 𝑆∗,𝑥∗

𝑆′
≤

𝛼 1+8𝜖 𝑐𝑜𝑠𝑡 𝑆∗,𝑥∗

𝑆∗

≤
𝛼 1 + 8𝜖 1 + 𝜖 𝑐𝑜𝑠𝑡 𝑃∗, 𝑥∗

𝑃∗
≤
𝛼 1 + 10𝜖 𝑐𝑜𝑠𝑡 𝑃∗, 𝑥∗

𝑃∗

→ 𝒙′ is a 𝜸, 𝟒𝝐, 𝜶 𝟏 + 𝟏𝟎𝝐 -approximation of 𝑷.

➢ If we leave in 𝐺 only the closest 
𝐺

1+10𝜖
> 1 − 18𝜖 𝛾 𝑃 points, then 𝑐𝑜𝑠𝑡 𝐺, 𝑥′ is 

reduced by a factor of at least 
1

1+10𝜖
→ 𝑥′ is a 𝛾, 18𝜖, 𝛼 -approximation for 𝑃.
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Construct a 

𝛾𝜖-sample
(𝛾, 𝜖)-coreset 𝑆

Prove that a 
𝛾𝜖2

63
-sample of 𝑃

is a (𝛾, 𝜖)-coreset for 𝑃

𝛾, 𝜖, 𝛼, 1 -

approximation

Prove that a 1 − 𝜖 𝛾, 𝜖, 𝛼, 1 -approximation 

of 𝑆 is a 𝛾, 18𝜖, 𝛼, 1 -approximation of 𝑃

Proof 2

Proof 1

✓



Computing a 𝛾, 𝜖, 𝛼, 𝛽 -approximation

• Claim 2:

Let 𝑃 be a set of points and 𝑑𝑖𝑠𝑡: 𝑃 × 𝑋 → 0,∞ . Let 𝜖 ∈ 0,
1

4
, 𝛾 ∈ 0,1 . Let 𝑆 be an 

𝜖2𝛾

63
-approximation of 𝑃 such that 𝑃 , 𝑆 ≥

5

𝜖2𝛾
. Then 𝑆 is a 𝛾, 𝜖 -coreset of 𝑃.

• Proof 2:

We will not prove this Claim.



Summary
𝛼, 𝛽 -approx for 𝑃

We want to solve:



Summary
𝛼, 𝛽 -approx for 𝑃

We want to solve:

3

4
,
1

2
, 𝛼, 𝛽 -approx

for 𝑃



Summary
𝛼, 𝛽 -approx for 𝑃

We want to solve:

𝛾, 𝜖 -coreset

3

4
,
1

2
, 𝛼, 𝛽 -approx

for 𝑃



Summary
𝛼, 𝛽 -approx for 𝑃

We want to solve:

𝛾, 𝜖 -coreset

3

4
,
1

2
, 𝛼, 𝛽 -approx

for 𝑃

Run 1 − 𝜖 𝛾, 𝜖, 𝛼, 1 -

approx on the 𝛾, 𝜖 -coreset



Summary
𝛼, 𝛽 -approx for 𝑃

We want to solve:

𝑓 𝑑𝑖𝑠𝑡 𝑝, 𝑞 ≤ 𝜌 𝑓 𝑑𝑖𝑠𝑡 𝑝, 𝑐 + 𝑓 𝑑𝑖𝑠𝑡 𝑐, 𝑞

𝛾, 𝜖 -coreset

3

4
,
1

2
, 𝛼, 𝛽 -approx

for 𝑃

Run 1 − 𝜖 𝛾, 𝜖, 𝛼, 1 -

approx on the 𝛾, 𝜖 -coreset



Summary
𝛼, 𝛽 -approx for 𝑃

We want to solve:

𝑓 𝑑𝑖𝑠𝑡 𝑝, 𝑞 ≤ 𝜌 𝑓 𝑑𝑖𝑠𝑡 𝑝, 𝑐 + 𝑓 𝑑𝑖𝑠𝑡 𝑐, 𝑞

𝛾, 𝜖 -coreset

3

4
,
1

2
, 𝛼, 𝛽 -approx

for 𝑃

𝑓 satisfies the 

Log-Log Lipschits

condition

Run 1 − 𝜖 𝛾, 𝜖, 𝛼, 1 -

approx on the 𝛾, 𝜖 -coreset



Summary
𝛼, 𝛽 -approx for 𝑃

We want to solve:

𝑓 𝑑𝑖𝑠𝑡 𝑝, 𝑞 ≤ 𝜌 𝑓 𝑑𝑖𝑠𝑡 𝑝, 𝑐 + 𝑓 𝑑𝑖𝑠𝑡 𝑐, 𝑞

𝛾, 𝜖 -coreset

3

4
,
1

2
, 𝛼, 𝛽 -approx

for 𝑃

𝛾𝜖-sample

𝑓 satisfies the 

Log-Log Lipschits

condition

Run 1 − 𝜖 𝛾, 𝜖, 𝛼, 1 -

approx on the 𝛾, 𝜖 -coreset



Summary
𝛼, 𝛽 -approx for 𝑃

We want to solve:

𝑓 𝑑𝑖𝑠𝑡 𝑝, 𝑞 ≤ 𝜌 𝑓 𝑑𝑖𝑠𝑡 𝑝, 𝑐 + 𝑓 𝑑𝑖𝑠𝑡 𝑐, 𝑞

𝛾, 𝜖 -coreset

3

4
,
1

2
, 𝛼, 𝛽 -approx

for 𝑃

𝛾𝜖-sample

𝑓 satisfies the 

Log-Log Lipschits

condition
𝑉𝐶-dimension

Run 1 − 𝜖 𝛾, 𝜖, 𝛼, 1 -

approx on the 𝛾, 𝜖 -coreset



Summary
𝛼, 𝛽 -approx for 𝑃

We want to solve:

𝑓 𝑑𝑖𝑠𝑡 𝑝, 𝑞 ≤ 𝜌 𝑓 𝑑𝑖𝑠𝑡 𝑝, 𝑐 + 𝑓 𝑑𝑖𝑠𝑡 𝑐, 𝑞

Run 1 − 𝜖 𝛾, 𝜖, 𝛼, 1 -

approx on the 𝛾, 𝜖 -coreset

𝛾, 𝜖 -coreset

3

4
,
1

2
, 𝛼, 𝛽 -approx

for 𝑃

𝛾𝜖-sample

𝒇 satisfies the 

Log-Log Lipschits

condition
𝑽𝑪-dimension

Will learn soon


