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Bounding Sensitivity using Bicreteria
(Intuition)

Reminder:

In the previous lecture, we saw how to bound the sensitivity of a point and the
total sensitivity (sum for all points), using Bicreteria approximation.

(p) < dist(p,p’) n p?(a+1)-dist(p',T)
s\p) = pa dist(A, A" %135( dist(A',T)
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Bounding Sensitivity using Bicreteria
(Intuition for k-means)
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(Intuition for k-means)

X 2

(@)~ approx 4

B =2




Bounding Sensitivity using Bicreteria

(Intuition for k-means)
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Bounding Sensitivity using Bicreteria

(Intuition for k-means)

dist(p1, 1) p?(a+1)-dist(p,',T)
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Bounding Sensitivity using Bicreteria

(Intuition for k-means)
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Bounding Sensitivity using Bicreteria

(Intuition for k-means)
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<
S(pl) = pa dist(A,A') TEQ diSt(A', T)

High sensitivity for p,
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(Intuition for k-means)
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Bounding Sensitivity using Bicreteria
(Intuition for k-means)
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Bounding Sensitivity using Bicreteria
(Intuition for k-means)
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(Intuition for k-means)
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Bounding Sensitivity using Bicreteria

(Intuition for k-means)
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(Intuition for k-means)
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(Intuition for k-means)
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Bounding Sensitivity using Bicreteria

(Intuition for k-means)
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) <
s(pi) < pa dist(4,A") t IyneaQX dist(A',T)




Bounding Sensitivity using Bicreteria

(Intuition for k-means)
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Bounding Sensitivity using Bicreteria

(Intuition for k-means)

k=1
= \A'\\
(pi) < dist(p;, p;) i p*(a+1) - dist(pi,T)
s(pi) < pa dist(4,A") o dist(A',T)

Sensitivity for p; Is proportional
to the cluster size




Coreset for k-median

Input: (P, Q) and an (a, §)-approximation B. Let p’ = proj(p, B).
Goal: To compute a set (S, i) such that for every g € Q:

|2 dist(p,q) — 2 u(s)-(s,q)| <e- Z dist(p, q)

pPEP SES pEP
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Coreset for k-median

Input: (P, Q) and an («, 8)-approximation B. Let p’ = proj(p, B).
Goal: To compute a set (S, p)such that for every g < Q:

|2 dist(p,q) — 2 u(s) - (s, q)

<E€- z dist(p,q)

pEP SES pEP
— z dist(p,q) — z dist(p’,q) + z dist(p’,q) — z,u(s) - (s,q)| < € z dist(p, q)
DEP p'ep’ p'ep’ SES DEP
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Coreset for k-median

Input: (P, Q) and an (a, §)-approximation B. Let p’ = proj(p, B).
Goal: To compute a set (S, i) such that for every g € Q:
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Coreset for k-median

Input: (P, Q) and an (a, §)-approximation B. Let p’ = proj(p, B).
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Add S; = B = {by, ..., bg;. } to the coreset with weight u(b;) = clusterSize:




Coreset for k-median

Input: (P, Q) and an (a, §)-approximation B. Let p’ = proj(p, B).

Goal: To compute a set (S, u) such that for every g € Q:

-

Ypep dist(p,q) — X,repr dist(p] ) pr dist(p’,q) — Ysesu(s) - (s, q

2pep dist(p, q)

< €

Add S; = B = {by, ..., b } to the coreset with weight ((b;) = clusterSize:

5 Y dist',q) = ) uls) - (5,q)

p’EP’ SESl

. p'ep’ diSt(p’; CI) — ZseSl ‘U(S) ) (S, CI) -

. 0
Ypep dist(p,q)
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Coreset for k-median

Input: (P, Q) and an (a, §)-approximation B. Let p’ = proj(p, B).
Goal: To compute a set (S, i) such that for every g € Q:

‘Z/ ep dist(p, q) = Lprepr dist(p’, q) M(p’,q)— sesu(s)-(®

2pep dist(p, q)

_ _ dist(p,q)~dist(p’.q)
Define f (p, q) = Y ep dist(p,)

Goal: |Ypep f (0, @) — Yses, u(s) - (s,q)| < €




Coreset for k-median

Input: (P, Q) and an (a, §)-approximation B. Let p’ = proj(p, B).
Goal: To compute a set (S, i) such that for every g € Q:

‘Z/ep dist(p,q) — Lprepr dist(p’, q) M(p’, q) — Pises i(s) - (@
— \ <SS

2pep dist(p, q)

| _ dist(p,q)-dist(p'.q)
Define f (p, q) = Y ep dist(p,)

Goal: |Ypep f (0, @) = Yses, 1(s) - (s,q)| < €

s(p) = max f(p,q)
qeqQ




Coreset for k-median

Input: (P, Q) and an (a, §)-approximation B. Let p’ = proj(p, B).

Goal: To compute a set (S, i) such that for every g € Q:

epr dist(p’, q) M(zﬂ’, q) — Pisesu(s) -
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N—
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Coreset for k-median

Input: (P, Q) and an (a, §)-approximation B. Let p’ = proj(p, B).
Goal: To compute a set (S, i) such that for every g € Q:

‘Z/ep dist(p,q) — Xyrepr dist(p’, q) M(zﬂ’, Q) — Pisesu(s) - (s, q)‘
- <€
\

2pep dist(p, q)

_ _ dist(p,q)~dist(p’,q)
Define f (p, q) = Y ep dist(p,)

Goal: |ZpEP f(p,q) — ZsESZ u(s) - (s, Cl)l <€

Bounded total sensitivity — we can compute a coreset (S, i, ) that satisfies




Coreset for k-median

Input: (P, Q) and an (a, §)-approximation B. Let p’ = proj(p, B).
Goal: To compute a set (S, i) such that for every g € Q:

S=51USZ

Yipep dist(p,q) — Xyrepr dist(p', q) + Xyrepr dist(p’, q) — Lsesu(s) - (s, q)

— <€

2pep dist(p, q) h




Sensitivity for k-means

Example: k = 2
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Example: k = 2
Compute an (a, £)-approximation
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Sensitivity for k-means

Example: k = 2
Compute an (a, £)-approximation

2
— n points projected on [ - k centers

&




Sensitivity for k-mes

Using the last Lemma we have that:

. dist(p', T
Example: k = 2 z s(p) < pa + p?(1 + ) z i (p',T)

Compute an (a, 8)-approximation | 4= o Tee dist(A',T)
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Sensitivity for k-mes

Using the last Lemma we have that:

dist(p',T
Example: k = 2 zs(p) < oo+ p?(1 + @) z —— (PI )
Compute an (a, §)-approximation | =4 e TeQ dist(A ,T)l
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Sensitivity for Clustered Data o [ Reminder J

Let:
- D1 Pgk E R%be -k centers

- Py ={py,pi, ... 0}, || =
- P=P,UP,U-UPpy

pr

Query: a function q.
Cost function: Forevery p € P: f(p,q) = dist(p,q)

Output: ). ,cp f (p, q)

() = f@u @) foog) 1
| Zplepﬂp A ) BT Qe

:E: s(pi) = :E: i =

Di€EP; Di€EP; _




Sensitivity for k-mes

Using the last Lemma we have that:

dist(p',T
Example: k = 2 zs(p) < oo+ p?(1 + @) z —— (PI )
Compute an (a, §)-approximation | =4 e TeQ dist(A ,T)l
2 !
— n points projected on [ - k centers l

’ Sensitivity of the

projected points A’
\ J
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By last lecture:

ZS(p)=ﬁ-k

peA’
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L..-coreset — Bound on Total Sensitivity

Lemma:

Suppose that for every 4 € R™*4 there is an L,-coreset S of precision € = %and

of size |S| < g(n) that can be computed in time t(n). Then we can compute
0(fa.) = a(f,,) forevery i € [n], and

6() =) (fa,) € 0Uogn) - g(n)

i€[n]

Proof:t =1 T
- Build an L,-coreset S; for A;.

Intuition: The sensitivity of a point 4;, IS
— proportional to 1 over the number of coresets In
-Aip1 = A\Sy. which A4;, appears.




L..-coreset — Bound on Total Sensitivity

Proof:

Consider the sequence of subsets A, € A,_; € --- € A; = A (where |4,| <
g(n)) and the sequence of L., -coresets Sy, ..., S,.

Consider the input point 4;, and let v € [£] be the largest index of a coreset S,
that contains A;.. Letg € Q. Let1 = u < v. Let4; . € S, be the point with
maximal distance to q.

By the L, -coreset property:
dist(A;., q) < (1 +¢€) - dist(4; ., q)

diStz(Ai*, C[)
%

(1 n 6)2 < diStZ(Aiu*,Q)



L..-coreset — Bound on Total Sensitivity

Proof:

diStz(Ai*, C[)
(1 + €)?

- dist*(A;,.,q) =



L..-coreset — Bound on Total Sensitivity

Proof:

dist?(4;.,
| - dist?(A;,..q) = S ZQ)
Since {4y, . ) Ap .} (1+e€)

IS a subset of A \



L..-coreset — Bound on Total Sensitivity

Proof: ,
dist<(A;,,
| - dist?(A;,..q) = S ZQ)
Since {4y, . ) Ap .} (1+e€)
IS a subset of A \
For A;, € S,,:

diStz(Ai*; CI) diStz(Ai*; CI) (1 + 6)2
a(fAi*) = Mmax —-—— < =
qeQ dist?(4,q) - dist2(A;,, q) v

v
(1+ €)?



L..-coreset — Bound on Total Sensitivity

dist?(A4;,, dist?(A4;,, 1+ €)?
o(f..) = max (A @) _ ist“(Ai. q) ~(1+e)

qeQ dist?(4,q) — v Cdict2(A. N v
q A+ e)? dist?(A;., q)




L..-coreset — Bound on Total Sensitivity

Proof:
For A;, € S,
diStz(Ai*; CI) diStz(Ai*; CI) (1 + 6)2
Uae) =0T a D S T a7
’ (1+e)2 ist*(Ai. q)
. (1+4€)?
Define 6(fa,.) = —
v

(=) > &(fa)



L..-coreset — Bound on Total Sensitivity

Proof:
For A;, € S,
diStz(Ai*; CI) diStz(Ai*; CI) (1 + 6)2
a(fAi*) :Icrlleag( dist?(4,q) =" dist2(A R,
’ (1+e)2 ist*(Ai. q)

Define G(f,,.) = X

¢ 1S, 1(1 + €)?

6= Y d(fa)< ) 2o

v=1A;.€Ay

;
Sl £90)  <gm-av e Y s



L..-coreset — Bound on Total Sensitivity

diStz(Ai*; CI) < diStz(Ai*; CI) . (1 + 6)2

qeQ dist?2(A,q9) — YV . gi4204. I,
q A+ e)? dist?(A;., q)
. (1+4€)?
Define 6(f;,.) =
¢ = 15,1(1 + €)2
€
6= Y d(fa)< ) 2o
v=1A;.€Ay v=1
£ n

1 1
Sg(n)-(1+6)2-2; Sg(n)-(1+e)2-2;

v=1 v=1



L..-coreset — Bound on Total Sensitivity

Proof:
For 4;, € S,:

dist®(Ai, @) _ dist®(A;., q) ~(A+e)r

a(fAi*) = max

qeQ dist?(4, - v Cdiet2( A, v
(4,9) iz st (4, q)
.o (14€)?
Define 6(f,.) =
v f 15,101 + )2
-3 3 o)<y
v=1A;.€Ay v=1
¢ n
1 1
<g -1+ )~ <gm-(1+6)7 ) =

v=1

<gn)- -(1+e¢e)? 1()l=nln+ 1)



L..-coreset — Bound on Total Sensitivity

Illustration:

AN

P

X %

q



L..-coreset — Bound on Total Sensitivity

[llustration: L..-coreset for 4,
v=1 ng.h.es.t {P1»P11 €51
sensitivity
\\ /
* Kk X * k Kk % * * %

P1 Al — A P11



L..-coreset — Bound on Total Sensitivity

[llustration: L..-coreset for 4,
v=1 ng.h.es.t {P1»P11 €51
sensitivity
* X K Kk k %k * %



L..-coreset — Bound on Total Sensitivity

[llustration: L.-coreset for A,
v=2 P, P11 €S, . Le-coresetfor A,
Smaller IS -~
P2,P10 € 92

\ sensitivity P
\ /

P2 P10




L..-coreset — Bound on Total Sensitivity

[llustration: L.-coreset for A,
v=2 P1, P11 € Sl/ L,-coreset for A,

Smgl_le_r P2,P10 €S>
sensitivity




L..-coreset — Bound on Total Sensitivity

v=t+1 P1, P11 E Sl/ L,-coreset for A,




