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Reminder:

In the previous lecture, we saw how to bound the sensitivity of a point and the 
total sensitivity (sum for all points), using Bicreteria approximation.

𝑠 𝑝 ≤ 𝜌𝛼
𝑑𝑖𝑠𝑡 𝑝, 𝑝′

𝑑𝑖𝑠𝑡 𝐴, 𝐴′
+max

𝑇∈𝑄

𝜌2 𝛼 + 1 ⋅ 𝑑𝑖𝑠𝑡 𝑝′, 𝑇

𝑑𝑖𝑠𝑡 𝐴′, 𝑇

Bounding Sensitivity using Bicreteria
(Intuition)
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behind this terms ?
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𝒌 = 𝟏

𝜶, 𝜷 − 𝒂𝒑𝒑𝒓𝒐𝒙
𝜷 = 𝟐
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𝒌 = 𝟏

𝒑𝟏

𝑠 𝑝1 ≤ 𝜌𝛼
𝑑𝑖𝑠𝑡 𝑝1, 𝑝1

′

𝑑𝑖𝑠𝑡 𝐴, 𝐴′
+max

𝑇∈𝑄

𝜌2 𝛼 + 1 ⋅ 𝑑𝑖𝑠𝑡 𝑝1
′, 𝑇

𝑑𝑖𝑠𝑡 𝐴′, 𝑇
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(Intuition for k-means)

𝒌 = 𝟏

𝒑𝟏

𝑠 𝑝1 ≤ 𝜌𝛼
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′

𝑑𝑖𝑠𝑡 𝐴, 𝐴′
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𝑇∈𝑄

𝜌2 𝛼 + 1 ⋅ 𝑑𝑖𝑠𝑡 𝑝1
′ , 𝑇

𝑑𝑖𝑠𝑡 𝐴′, 𝑇
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𝒌 = 𝟏
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High sensitivity for 𝑝1
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𝒌 = 𝟏

𝒑𝟏

𝑠 𝑝2 ≤ 𝜌𝛼
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𝑑𝑖𝑠𝑡 𝐴′, 𝑇

𝒑𝟐
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𝒌 = 𝟏
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𝒌 = 𝟏

𝒑𝟏

𝑠 𝑝2 ≤ 𝜌𝛼
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𝑇∈𝑄
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′ , 𝑇

𝑑𝑖𝑠𝑡 𝐴′, 𝑇

𝒑𝟐

High sensitivity for 𝑝2
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𝒌 = 𝟏

𝒑𝟏

𝑠 𝑝𝑖 ≤ 𝜌𝛼
𝑑𝑖𝑠𝑡 𝑝𝑖 , 𝑝𝑖

′

𝑑𝑖𝑠𝑡 𝐴, 𝐴′
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𝑇∈𝑄

𝜌2 𝛼 + 1 ⋅ 𝑑𝑖𝑠𝑡 𝑝𝑖
′, 𝑇

𝑑𝑖𝑠𝑡 𝐴′, 𝑇

𝒑𝟐𝒑𝒊
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𝒌 = 𝟏

𝒑𝟏

𝑠 𝑝𝑖 ≤ 𝜌𝛼
𝑑𝑖𝑠𝑡 𝑝𝑖 , 𝑝𝑖

′

𝑑𝑖𝑠𝑡 𝐴, 𝐴′
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Bounding Sensitivity using Bicreteria
(Intuition for k-means)

𝒌 = 𝟏

𝒑𝟏

𝑠 𝑝𝑖 ≤ 𝜌𝛼
𝑑𝑖𝑠𝑡 𝑝𝑖 , 𝑝𝑖

′

𝑑𝑖𝑠𝑡 𝐴, 𝐴′
+max

𝑇∈𝑄

𝜌2 𝛼 + 1 ⋅ 𝑑𝑖𝑠𝑡 𝑝𝑖
′, 𝑇

𝑑𝑖𝑠𝑡 𝐴′, 𝑇

𝒑𝟐𝒑𝒊

Sensitivity for 𝑝𝑖 is proportional 

to the cluster size  



Coreset for 𝑘-median

Input: 𝑃, 𝑄 and an 𝛼, 𝛽 -approximation 𝐵. Let 𝑝′ = proj p, B .

Goal: To compute a set 𝑆, 𝜇 such that for every 𝑞 ⊆ 𝑄:

෍

𝑝∈𝑃

𝑑𝑖𝑠𝑡 𝑝, 𝑞 −෍

𝑠∈𝑆

𝜇 𝑠 ⋅ 𝑠, 𝑞 ≤ 𝜖 ⋅ ෍

𝑝∈𝑃

𝑑𝑖𝑠𝑡 𝑝, 𝑞



Coreset for 𝑘-median

Input: 𝑃, 𝑄 and an 𝛼, 𝛽 -approximation 𝐵. Let 𝑝′ = proj p, B .

Goal: To compute a set 𝑆, 𝜇 such that for every 𝑞 ⊆ 𝑄:

෍

𝑝∈𝑃

𝑑𝑖𝑠𝑡 𝑝, 𝑞 −෍

𝑠∈𝑆

𝜇 𝑠 ⋅ 𝑠, 𝑞 ≤ 𝜖 ⋅ ෍

𝑝∈𝑃

𝑑𝑖𝑠𝑡 𝑝, 𝑞

→ ෍

𝑝∈𝑃

𝑑𝑖𝑠𝑡 𝑝, 𝑞 − ෍

𝑝′∈𝑃′

𝑑𝑖𝑠𝑡 𝑝′, 𝑞 + ෍

𝑝′∈𝑃′

𝑑𝑖𝑠𝑡 𝑝′, 𝑞 −෍

𝑠∈𝑆

𝑠, 𝑞 ≤ 𝜖 ⋅ ෍

𝑝∈𝑃

𝑑𝑖𝑠𝑡 𝑝, 𝑞



Coreset for 𝑘-median

Input: 𝑃, 𝑄 and an 𝛼, 𝛽 -approximation 𝐵. Let 𝑝′ = proj p, B .

Goal: To compute a set 𝑆, 𝜇 such that for every 𝑞 ⊆ 𝑄:

෍

𝑝∈𝑃

𝑑𝑖𝑠𝑡 𝑝, 𝑞 −෍

𝑠∈𝑆

𝜇 𝑠 ⋅ 𝑠, 𝑞 ≤ 𝜖 ⋅ ෍

𝑝∈𝑃

𝑑𝑖𝑠𝑡 𝑝, 𝑞

→ ෍

𝑝∈𝑃

𝑑𝑖𝑠𝑡 𝑝, 𝑞 − ෍

𝑝′∈𝑃′

𝑑𝑖𝑠𝑡 𝑝′, 𝑞 + ෍

𝑝′∈𝑃′

𝑑𝑖𝑠𝑡 𝑝′, 𝑞 −෍

𝑠∈𝑆

𝜇 𝑠 ⋅ 𝑠, 𝑞 ≤ 𝜖 ⋅ ෍

𝑝∈𝑃

𝑑𝑖𝑠𝑡 𝑝, 𝑞

→
σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑞 − σ𝑝′∈𝑃′ 𝑑𝑖𝑠𝑡 𝑝

′, 𝑞 + σ𝑝′∈𝑃′ 𝑑𝑖𝑠𝑡 𝑝
′, 𝑞 − σ𝑠∈𝑆 𝜇 𝑠 ⋅ 𝑠, 𝑞

σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑞
≤ 𝜖
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Input: 𝑃, 𝑄 and an 𝛼, 𝛽 -approximation 𝐵. Let 𝑝′ = proj p, B .

Goal: To compute a set 𝑆, 𝜇 such that for every 𝑞 ⊆ 𝑄:

→
σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑞 − σ𝑝′∈𝑃′ 𝑑𝑖𝑠𝑡 𝑝

′, 𝑞 + σ𝑝′∈𝑃′ 𝑑𝑖𝑠𝑡 𝑝
′, 𝑞 − σ𝑠∈𝑆 𝜇 𝑠 ⋅ 𝑠, 𝑞

σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑞
≤ 𝜖



Coreset for 𝑘-median

Input: 𝑃, 𝑄 and an 𝛼, 𝛽 -approximation 𝐵. Let 𝑝′ = proj p, B .

Goal: To compute a set 𝑆, 𝜇 such that for every 𝑞 ⊆ 𝑄:

→
σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑞 − σ𝑝′∈𝑃′ 𝑑𝑖𝑠𝑡 𝑝

′, 𝑞 + σ𝑝′∈𝑃′ 𝑑𝑖𝑠𝑡 𝑝
′, 𝑞 − σ𝑠∈𝑆 𝜇 𝑠 ⋅ 𝑠, 𝑞

σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑞
≤ 𝜖

Add S1 = 𝐵 = 𝑏1, … , 𝑏𝛽𝑘 to the coreset with weight 𝜇 𝑏𝑖 = 𝑐𝑙𝑢𝑠𝑡𝑒𝑟𝑆𝑖𝑧𝑒:

→ ෍

𝑝′∈𝑃′

𝑑𝑖𝑠𝑡 𝑝′, 𝑞 = ෍

𝑠∈𝑆1

𝜇 𝑠 ⋅ 𝑠, 𝑞



Coreset for 𝑘-median

Input: 𝑃, 𝑄 and an 𝛼, 𝛽 -approximation 𝐵. Let 𝑝′ = proj p, B .

Goal: To compute a set 𝑆, 𝜇 such that for every 𝑞 ⊆ 𝑄:

→
σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑞 − σ𝑝′∈𝑃′ 𝑑𝑖𝑠𝑡 𝑝

′, 𝑞 + σ𝑝′∈𝑃′ 𝑑𝑖𝑠𝑡 𝑝
′, 𝑞 − σ𝑠∈𝑆 𝜇 𝑠 ⋅ 𝑠, 𝑞

σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑞
≤ 𝜖

Add S1 = 𝐵 = 𝑏1, … , 𝑏𝛽𝑘 to the coreset with weight 𝜇 𝑏𝑖 = 𝑐𝑙𝑢𝑠𝑡𝑒𝑟𝑆𝑖𝑧𝑒:

→ ෍

𝑝′∈𝑃′

𝑑𝑖𝑠𝑡 𝑝′, 𝑞 = ෍

𝑠∈𝑆1

𝜇 𝑠 ⋅ 𝑠, 𝑞

→
σ𝑝′∈𝑃′ 𝑑𝑖𝑠𝑡 𝑝

′, 𝑞 − σ𝑠∈𝑆1
𝜇 𝑠 ⋅ 𝑠, 𝑞

σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑞
= 0



Coreset for 𝑘-median

Input: 𝑃, 𝑄 and an 𝛼, 𝛽 -approximation 𝐵. Let 𝑝′ = proj p, B .

Goal: To compute a set 𝑆, 𝜇 such that for every 𝑞 ⊆ 𝑄:

→
σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑞 − σ𝑝′∈𝑃′ 𝑑𝑖𝑠𝑡 𝑝

′, 𝑞 + σ𝑝′∈𝑃′ 𝑑𝑖𝑠𝑡 𝑝
′, 𝑞 − σ𝑠∈𝑆 𝜇 𝑠 ⋅ 𝑠, 𝑞

σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑞
≤ 𝜖



Coreset for 𝑘-median

Input: 𝑃, 𝑄 and an 𝛼, 𝛽 -approximation 𝐵. Let 𝑝′ = proj p, B .

Goal: To compute a set 𝑆, 𝜇 such that for every 𝑞 ⊆ 𝑄:

→
σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑞 − σ𝑝′∈𝑃′ 𝑑𝑖𝑠𝑡 𝑝

′, 𝑞 + σ𝑝′∈𝑃′ 𝑑𝑖𝑠𝑡 𝑝
′, 𝑞 − σ𝑠∈𝑆 𝜇 𝑠 ⋅ 𝑠, 𝑞

σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑞
≤ 𝜖

Define 𝑓 𝑝, 𝑞 =
𝑑𝑖𝑠𝑡 𝑝,𝑞 −𝑑𝑖𝑠𝑡 𝑝′,𝑞

σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝,𝑞

Goal: σ𝑝∈𝑃 𝑓 𝑝, 𝑞 − σ𝑠∈𝑆2
𝜇 𝑠 ⋅ 𝑠, 𝑞 ≤ 𝜖



Coreset for 𝑘-median

Input: 𝑃, 𝑄 and an 𝛼, 𝛽 -approximation 𝐵. Let 𝑝′ = proj p, B .

Goal: To compute a set 𝑆, 𝜇 such that for every 𝑞 ⊆ 𝑄:

→
σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑞 − σ𝑝′∈𝑃′ 𝑑𝑖𝑠𝑡 𝑝

′, 𝑞 + σ𝑝′∈𝑃′ 𝑑𝑖𝑠𝑡 𝑝
′, 𝑞 − σ𝑠∈𝑆 𝜇 𝑠 ⋅ 𝑠, 𝑞

σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑞
≤ 𝜖

Define 𝑓 𝑝, 𝑞 =
𝑑𝑖𝑠𝑡 𝑝,𝑞 −𝑑𝑖𝑠𝑡 𝑝′,𝑞

σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝,𝑞

Goal: σ𝑝∈𝑃 𝑓 𝑝, 𝑞 − σ𝑠∈𝑆2
𝜇 𝑠 ⋅ 𝑠, 𝑞 ≤ 𝜖

𝑠 𝑝 = max
𝑞∈𝑄

𝑓 𝑝, 𝑞



Coreset for 𝑘-median

Input: 𝑃, 𝑄 and an 𝛼, 𝛽 -approximation 𝐵. Let 𝑝′ = proj p, B .

Goal: To compute a set 𝑆, 𝜇 such that for every 𝑞 ⊆ 𝑄:

→
σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑞 − σ𝑝′∈𝑃′ 𝑑𝑖𝑠𝑡 𝑝

′, 𝑞 + σ𝑝′∈𝑃′ 𝑑𝑖𝑠𝑡 𝑝
′, 𝑞 − σ𝑠∈𝑆 𝜇 𝑠 ⋅ 𝑠, 𝑞

σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑞
≤ 𝜖

𝑠 𝑝 = max
𝑞∈𝑄

𝑓 𝑝, 𝑞

෍

𝑝∈𝑃

𝑠 𝑝 = ෍

𝑝∈𝑃

max
𝑞∈𝑄

𝑑𝑖𝑠𝑡 𝑝, 𝑞 − 𝑑𝑖𝑠𝑡 𝑝′, 𝑞

σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑞
≤ ෍

𝑝∈𝑃

𝑑𝑖𝑠𝑡 𝑝, 𝑝′

𝑂𝑃𝑇
≤ 𝛼



Coreset for 𝑘-median

Input: 𝑃, 𝑄 and an 𝛼, 𝛽 -approximation 𝐵. Let 𝑝′ = proj p, B .

Goal: To compute a set 𝑆, 𝜇 such that for every 𝑞 ⊆ 𝑄:

→
σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑞 − σ𝑝′∈𝑃′ 𝑑𝑖𝑠𝑡 𝑝

′, 𝑞 + σ𝑝′∈𝑃′ 𝑑𝑖𝑠𝑡 𝑝
′, 𝑞 − σ𝑠∈𝑆 𝜇 𝑠 ⋅ 𝑠, 𝑞

σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑞
≤ 𝜖

Define 𝑓 𝑝, 𝑞 =
𝑑𝑖𝑠𝑡 𝑝,𝑞 −𝑑𝑖𝑠𝑡 𝑝′,𝑞

σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝,𝑞

Goal: σ𝑝∈𝑃 𝑓 𝑝, 𝑞 − σ𝑠∈𝑆2
𝜇 𝑠 ⋅ 𝑠, 𝑞 ≤ 𝜖

Bounded total sensitivity → we can compute a coreset 𝑆2, 𝜇2 that satisfies



Coreset for 𝑘-median

Input: 𝑃, 𝑄 and an 𝛼, 𝛽 -approximation 𝐵. Let 𝑝′ = proj p, B .

Goal: To compute a set 𝑆, 𝜇 such that for every 𝑞 ⊆ 𝑄:

𝑆 = 𝑆1 ∪ 𝑆2

→
σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑞 − σ𝑝′∈𝑃′ 𝑑𝑖𝑠𝑡 𝑝

′, 𝑞 + σ𝑝′∈𝑃′ 𝑑𝑖𝑠𝑡 𝑝
′, 𝑞 − σ𝑠∈𝑆 𝜇 𝑠 ⋅ 𝑠, 𝑞

σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑞
≤ 𝜖



Sensitivity for 𝑘-means

Example: 𝑘 = 2



Sensitivity for 𝑘-means

Example: 𝑘 = 2
Compute an 𝛼, 𝛽 -approximation

2



Sensitivity for 𝑘-means

Example: 𝑘 = 2
Compute an 𝛼, 𝛽 -approximation

2

→ 𝑛 points projected on 𝛽 ⋅ 𝑘 centers



Sensitivity for 𝑘-means

Example: 𝑘 = 2
Compute an 𝛼, 𝛽 -approximation

2

→ 𝑛 points projected on 𝛽 ⋅ 𝑘 centers

Using the last Lemma we have that:

෍

𝑝∈𝐴

𝑠 𝑝 ≤ 𝜌𝛼 + 𝜌2 1 + 𝛼 ෍

𝑝′∈𝐴′

max
𝑇∈𝑄

𝑑𝑖𝑠𝑡 𝑝′, 𝑇

𝑑𝑖𝑠𝑡 𝐴′, 𝑇



Sensitivity for 𝑘-means

Example: 𝑘 = 2
Compute an 𝛼, 𝛽 -approximation

2

→ 𝑛 points projected on 𝛽 ⋅ 𝑘 centers

Using the last Lemma we have that:

෍

𝑝∈𝐴

𝑠 𝑝 ≤ 𝜌𝛼 + 𝜌2 1 + 𝛼 ෍

𝑝′∈𝐴′

max
𝑇∈𝑄

𝑑𝑖𝑠𝑡 𝑝′, 𝑇

𝑑𝑖𝑠𝑡 𝐴′, 𝑇

Sensitivity of the 

projected points 𝐴′



Sensitivity for Clustered Data

Let:

- 𝑝1, ⋯ 𝑝𝛽⋅𝑘 ∈ 𝑅𝑑 be 𝛽 ⋅ 𝑘 centers.

- 𝑃𝑖 = 𝑝𝑖 , 𝑝𝑖 , … , 𝑝𝑖 , 𝑃𝑖 =
𝑛

𝛽⋅𝑘
.

- 𝑃 = 𝑃1 ∪ 𝑃2 ∪⋯∪ 𝑃𝛽⋅𝑘

Query: a function 𝑞.

Cost function: For every 𝑝 ∈ 𝑃: 𝑓 𝑝, 𝑞 = 𝑑𝑖𝑠𝑡(𝑝, 𝑞)
Output: σ𝑝∈𝑃 𝑓 𝑝, 𝑞

𝑃1

𝑃2

𝑃3

𝑃𝛽𝑘

𝑠 𝑝𝑖 = max
𝑞

𝑓 𝑝𝑖 , 𝑞

σ𝑝′∈𝑃 𝑓 𝑝′, 𝑞
≤ max

𝑞

𝑓 𝑝𝑖 , 𝑞

σ
𝑝𝑖
′∈𝑃𝑖

𝑓 𝑝𝑖
′, 𝑞

=
1

𝑃𝑖

෍

𝑝𝑖∈𝑃𝑖

𝑠 𝑝𝑖 = ෍

𝑝𝑖∈𝑃𝑖

1

𝑃𝑖
= 1

෍

𝑝∈𝑃

𝑠 𝑝𝑖 = 𝛽 ⋅ 𝑘

𝑞

Reminder



Sensitivity for 𝑘-means

Example: 𝑘 = 2
Compute an 𝛼, 𝛽 -approximation

2

→ 𝑛 points projected on 𝛽 ⋅ 𝑘 centers

Using the last Lemma we have that:

෍

𝑝∈𝐴

𝑠 𝑝 ≤ 𝜌𝛼 + 𝜌2 1 + 𝛼 ෍

𝑝′∈𝐴′

max
𝑇∈𝑄

𝑑𝑖𝑠𝑡 𝑝′, 𝑇

𝑑𝑖𝑠𝑡 𝐴′, 𝑇

Sensitivity of the 

projected points 𝐴′

By last lecture:

෍

𝑝∈𝐴′

𝑠 𝑝 = 𝛽 ⋅ 𝑘



𝐿∞-coreset → Bound on Total Sensitivity

Lemma:

Suppose that for every 𝐴 ∈ 𝑅𝑛×𝑑 there is an 𝐿∞-coreset 𝑆 of precision 𝜖 =
1

2
and 

of size 𝑆 ≤ 𝑔 𝑛 that can be computed in time 𝑡 𝑛 . Then we can compute 

෥𝝈 𝒇𝑨𝒊∗ ≥ 𝝈(𝒇𝑨𝒊∗) for every 𝑖 ∈ 𝑛 , and

𝐺 𝑓 ≔ ෍

𝑖∈ 𝑛

෤𝜎 𝑓𝐴𝑖∗ ∈ 𝑂 log 𝑛 ⋅ 𝑔 𝑛

Proof: 𝑡 = 1

- Build an 𝐿∞-coreset 𝑆𝑡 for 𝐴𝑡.

- 𝐴𝑡+1 = 𝐴𝑡\𝑆𝑡.

Intuition: The sensitivity of a point 𝐴𝑖∗ is 

proportional to 1 over the number of coresets in 

which 𝐴𝑖∗ appears.



𝐿∞-coreset → Bound on Total Sensitivity

Proof:

Consider the sequence of subsets 𝐴ℓ ⊆ 𝐴ℓ−1 ⊆ ⋯ ⊆ 𝐴1 = 𝐴 (where 𝐴ℓ ≤
𝑔 𝑛 ) and the sequence of 𝐿∞-coresets 𝑆1, … , 𝑆ℓ.

Consider the input point 𝐴𝑖∗ and let 𝑣 ∈ ℓ be the largest index of a coreset 𝑆𝑣
that contains 𝐴𝑖∗. Let 𝑞 ∈ 𝑄. Let 1 ≤ 𝑢 ≤ 𝑣. Let 𝐴𝑖𝑢∗ ∈ 𝑆𝑢 be the point with 

maximal distance to 𝑞.

By the 𝐿∞-coreset property:

𝑑𝑖𝑠𝑡 𝐴𝑖∗, 𝑞 ≤ 1 + 𝜖 ⋅ 𝑑𝑖𝑠𝑡 𝐴𝑖𝑢∗, 𝑞

→
𝑑𝑖𝑠𝑡2 𝐴𝑖∗, 𝑞

1 + 𝜖 2
≤ 𝑑𝑖𝑠𝑡2 𝐴𝑖𝑢∗, 𝑞



𝐿∞-coreset → Bound on Total Sensitivity

Proof:

→ 𝑑𝑖𝑠𝑡2 𝐴𝑖𝑢∗, 𝑞 ≥
𝑑𝑖𝑠𝑡2 𝐴𝑖∗, 𝑞

1 + 𝜖 2



𝐿∞-coreset → Bound on Total Sensitivity

Proof:

→ 𝑑𝑖𝑠𝑡2 𝐴𝑖𝑢∗, 𝑞 ≥
𝑑𝑖𝑠𝑡2 𝐴𝑖∗, 𝑞

1 + 𝜖 2
Since {𝐴𝑖1∗, … , 𝐴𝑖𝑣∗}

is a subset of 𝐴



𝐿∞-coreset → Bound on Total Sensitivity

Proof:

→ 𝑑𝑖𝑠𝑡2 𝐴𝑖𝑢∗, 𝑞 ≥
𝑑𝑖𝑠𝑡2 𝐴𝑖∗, 𝑞

1 + 𝜖 2

For 𝐴𝑖∗ ∈ 𝑆𝑣:

𝜎 𝑓𝐴𝑖∗ ≔ max
𝑞∈𝑄

𝑑𝑖𝑠𝑡2 𝐴𝑖∗, 𝑞

𝑑𝑖𝑠𝑡2 𝐴, 𝑞
≤

𝑑𝑖𝑠𝑡2 𝐴𝑖∗, 𝑞
𝑣

1 + 𝜖 2 ⋅ 𝑑𝑖𝑠𝑡
2 𝐴𝑖∗, 𝑞

=
1 + 𝜖 2

𝑣

Since {𝐴𝑖1∗, … , 𝐴𝑖𝑣∗}

is a subset of 𝐴



𝐿∞-coreset → Bound on Total Sensitivity

Proof:

For 𝐴𝑖∗ ∈ 𝑆𝑣:

𝜎 𝑓𝐴𝑖∗ ≔ max
𝑞∈𝑄

𝑑𝑖𝑠𝑡2 𝐴𝑖∗, 𝑞

𝑑𝑖𝑠𝑡2 𝐴, 𝑞
≤

𝑑𝑖𝑠𝑡2 𝐴𝑖∗, 𝑞
𝑣

1 + 𝜖 2 ⋅ 𝑑𝑖𝑠𝑡
2 𝐴𝑖∗, 𝑞

=
1 + 𝜖 2

𝑣



𝐿∞-coreset → Bound on Total Sensitivity

Proof:

For 𝐴𝑖∗ ∈ 𝑆𝑣:

𝜎 𝑓𝐴𝑖∗ ≔ max
𝑞∈𝑄

𝑑𝑖𝑠𝑡2 𝐴𝑖∗, 𝑞

𝑑𝑖𝑠𝑡2 𝐴, 𝑞
≤

𝑑𝑖𝑠𝑡2 𝐴𝑖∗, 𝑞
𝑣

1 + 𝜖 2 ⋅ 𝑑𝑖𝑠𝑡
2 𝐴𝑖∗, 𝑞

=
1 + 𝜖 2

𝑣

Define ෤𝜎 𝑓𝐴𝑖∗ =
1+𝜖 2

𝑣

𝐺 𝑓 = ෍

𝑣=1

ℓ

෍

𝐴𝑖∗∈𝐴𝑣

෤𝜎 𝑓𝐴𝑖∗



𝐿∞-coreset → Bound on Total Sensitivity

Proof:

For 𝐴𝑖∗ ∈ 𝑆𝑣:

𝜎 𝑓𝐴𝑖∗ ≔ max
𝑞∈𝑄

𝑑𝑖𝑠𝑡2 𝐴𝑖∗, 𝑞

𝑑𝑖𝑠𝑡2 𝐴, 𝑞
≤

𝑑𝑖𝑠𝑡2 𝐴𝑖∗, 𝑞
𝑣

1 + 𝜖 2 ⋅ 𝑑𝑖𝑠𝑡
2 𝐴𝑖∗, 𝑞

=
1 + 𝜖 2

𝑣

Define ෤𝜎 𝑓𝐴𝑖∗ =
1+𝜖 2

𝑣

𝐺 𝑓 = ෍

𝑣=1

ℓ

෍

𝐴𝑖∗∈𝐴𝑣

෤𝜎 𝑓𝐴𝑖∗ ≤ ෍

𝑣=1

ℓ
𝑆𝑣 1 + 𝜖 2

𝑣

≤ 𝑔 𝑛 ⋅ 1 + 𝜖 2 ⋅ ෍

𝑣=1

ℓ
1

𝑣
𝑆𝑣 ≤ 𝑔 𝑛



𝐿∞-coreset → Bound on Total Sensitivity

Proof:

For 𝐴𝑖∗ ∈ 𝑆𝑣:

𝜎 𝑓𝐴𝑖∗ ≔ max
𝑞∈𝑄

𝑑𝑖𝑠𝑡2 𝐴𝑖∗, 𝑞

𝑑𝑖𝑠𝑡2 𝐴, 𝑞
≤

𝑑𝑖𝑠𝑡2 𝐴𝑖∗, 𝑞
𝑣

1 + 𝜖 2 ⋅ 𝑑𝑖𝑠𝑡
2 𝐴𝑖∗, 𝑞

=
1 + 𝜖 2

𝑣

Define ෤𝜎 𝑓𝐴𝑖∗ =
1+𝜖 2

𝑣

𝐺 𝑓 = ෍

𝑣=1

ℓ

෍

𝐴𝑖∗∈𝐴𝑣

෤𝜎 𝑓𝐴𝑖∗ ≤ ෍

𝑣=1

ℓ
𝑆𝑣 1 + 𝜖 2

𝑣

≤ 𝑔 𝑛 ⋅ 1 + 𝜖 2 ⋅ ෍

𝑣=1

ℓ
1

𝑣
≤ 𝑔 𝑛 ⋅ 1 + 𝜖 2 ⋅ ෍

𝑣=1

𝑛
1

𝑣



𝐿∞-coreset → Bound on Total Sensitivity

Proof:

For 𝐴𝑖∗ ∈ 𝑆𝑣:

𝜎 𝑓𝐴𝑖∗ ≔ max
𝑞∈𝑄

𝑑𝑖𝑠𝑡2 𝐴𝑖∗, 𝑞

𝑑𝑖𝑠𝑡2 𝐴, 𝑞
≤

𝑑𝑖𝑠𝑡2 𝐴𝑖∗, 𝑞
𝑣

1 + 𝜖 2 ⋅ 𝑑𝑖𝑠𝑡
2 𝐴𝑖∗, 𝑞

=
1 + 𝜖 2

𝑣

Define ෤𝜎 𝑓𝐴𝑖∗ =
1+𝜖 2

𝑣

𝐺 𝑓 = ෍

𝑣=1

ℓ

෍

𝐴𝑖∗∈𝐴𝑣

෤𝜎 𝑓𝐴𝑖∗ ≤ ෍

𝑣=1

ℓ
𝑆𝑣 1 + 𝜖 2

𝑣

≤ 𝑔 𝑛 ⋅ 1 + 𝜖 2 ⋅ ෍

𝑣=1

ℓ
1

𝑣
≤ 𝑔 𝑛 ⋅ 1 + 𝜖 2 ⋅ ෍

𝑣=1

𝑛
1

𝑣

≤ 𝑔 𝑛 ⋅ 1 + 𝜖 2 ⋅ ln 𝑛 + 1



𝐿∞-coreset → Bound on Total Sensitivity

Illustration: 𝑞



𝐿∞-coreset → Bound on Total Sensitivity

Illustration: 𝑞

𝐴1 = 𝐴
𝑝1 𝑝11

𝑣 = 1 𝑝1, 𝑝11 ∈ 𝑆1

𝐿∞-coreset for 𝐴1
Highest 

sensitivity



𝐿∞-coreset → Bound on Total Sensitivity

Illustration: 𝑞

𝐴2 = 𝐴1\S1

𝑝1, 𝑝11 ∈ 𝑆1𝑣 = 1

𝐿∞-coreset for 𝐴1
Highest 

sensitivity



𝐿∞-coreset → Bound on Total Sensitivity

Illustration: 𝑞

𝑝1, 𝑝11 ∈ 𝑆1𝑣 = 2

𝑝2 𝑝10

𝐿∞-coreset for 𝐴1

𝑝2, 𝑝10 ∈ 𝑆2

𝐿∞-coreset for 𝐴2

𝐴2 = 𝐴1\S1

Smaller

sensitivity



𝐿∞-coreset → Bound on Total Sensitivity

Illustration: 𝑞

𝑝1, 𝑝11 ∈ 𝑆1𝑣 = 2

𝐿∞-coreset for 𝐴1

𝑝2, 𝑝10 ∈ 𝑆2

𝐿∞-coreset for 𝐴2

𝐴3 = 𝐴2\S2

Smaller

sensitivity



𝐿∞-coreset → Bound on Total Sensitivity

Illustration: 𝑞

𝑝1, 𝑝11 ∈ 𝑆1𝑣 = 𝑡 + 1

𝐿∞-coreset for 𝐴1

𝑝2, 𝑝10 ∈ 𝑆2

𝐿∞-coreset for 𝐴2

𝐴𝑡+1 = 𝐴𝑡\S𝑡

𝑝𝑡, 𝑝𝑛−𝑡 ∈ 𝑆𝑡

.

.

.

⋯ ⋯

Smallest

sensitivity


