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Coreset for 1-Line in R?

* Input: P € R?
* Query space: Q ={f | L isalinein R?}
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Coreset for 1-Line in R?

£* 1s the line that minimizes
max dist(p,£)

/ peP

£ O ®

{*

£’ is the translation of £* to
® £*'s closest point p’

dist(p,?') < 2 -dist(p,€")

p* = arg maxdist(p,£*)
pEP
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£* 1s the line that minimizes
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max dist(p,£)
/ peP
£ O ®
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Coreset for 1-Line in R?

£* 1s the line that minimizes

'8,,
max dist(p,£)
/ peP
£ O ®
0 ® ® £' is the translation of £* to
@ ® £*'s closest point p’

O , ® dist(p,?") < 2 - dist(p, £*)

@ / @ 2" is the rotation of £’

around p’ to £''s closest
@ point

p = arg rzgle%z( dist(p,£") dist(p,?"") < 2 -dist(p, ')



Coreset for 1-Line in R?

dist(p,?"’) < 4 -dist(p,t* _ _ o
(P, £7) b, &) £* 1s the line that minimizes

'8,,
max dist(p,£)
/ peP
£ O ®
0 ® ® £' is the translation of £* to
@ ® £*'s closest point p’

O , ® dist(p,?") < 2 - dist(p, £*)

@ / @ 2" is the rotation of £’

around p’ to £''s closest
@ point

p = arg rzgle%z( dist(p,£") dist(p,?"") < 2 -dist(p, ')



Coreset for 1-Line in R?

Find £"" by exhaustive search
" over every pair of points.

0(n?)
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e - OPT distance
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Coreset for 1~Line in R?

Find £"" by exhaustive search
over every pair of points.
0(n?)
Build a grid of lines with
e - OPT distance

Project each point onto
1t’s closest line

Data dimension Is now reduced.




Coreset for 1-Line in R4

Claim: The projected n points P’
are a “coreset” (not part of the input data)
for any line query:

max dist(p,?) — maxdist(p,¥) < e- OPT
DEP p€eP’ ¢

€ 0PT~

< 4e-OPT

< 4¢ - maxdist(p, )
peEP

— Run with €’ = 2



Coreset far 1-Line in R4




COresetf 1-L|ne |n RZ Has no effect since it

IS the same weight for
all points

Vp € ¢;: dist(p,?) = w - dist(p, q;)

— Compute a 1-Center coreset C;
for each line #;!




COresetf 1-L|ne |n RZ Has no effect since it

IS the same weight for
all points

Vp € ¢;: dist(p,?) = w - dist(p, q;)

— Compute a 1-Center coreset C;
for each line #;!

C= UC,
1

since a union of two
?; coresets is a coreset.,



Coreset far 1-Line in R4

Problem:

The coreset Is not part
of the input data.

Solution:

Pick the closest points in
the Input data to the points
of C.




of the input data.
: Solution:
Pick the closest points in
the Input data to the points
¢, OfC.
Y, — This adds another error
*  ofe-OPT
? ___
max c?ist(p, ?) < maxdist(p,¥) + 2¢ - OPT
DEP p€EP’

Coreset far 1-Line in R4

Problem:
The coreset Is not part

{4 < (1 + 8¢) - maxdist(p,?)
peP’




of the input data.
: Solution:
Pick the closest points in
the Input data to the points
¢, OfC.
Y, — This adds another error
*  ofe-OPT
? ___
max c?ist(p, ) —maxdist(p,¥) < 2¢ - OPT
DEP p€eP’

Coreset far 1-Line in R4

Problem:
The coreset Is not part

£
* < 8¢ - OPT < 8¢ - max dist(p, )
p




Coreset for 1-Line in R4

Total time:
0(n?).

Coreset size:

4

2
|C| SZ-#lineszz-E



Coreset for 1-Line in R4

Total time: Improvement:
0(n?). Run the above algorithm using the streaming tree.
Coreset size: Run on batches of size 2 - |C| = g
2 4 Total time:
|C|S2-#lines=2-2=2. 3\ 2
O(n - TimeForBatch) = O (n : <E> )

Error for streaming tree:
The error increases to (1 + €)!°8"~(1 + e logn)

— Run with ¢/ = —

logn



Coreset for 1-Plane in R3

* Input: P C R’
« Query space: Q = {m | wis a plane in R3}

» Cost function: dist(p, ) = meinllp — x|,
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Coreset for 1-Plane in R3

* Input: P C R’
« Query space: Q = {m | wis a plane in R3}

» Cost function: dist(p, ) = meinllp — x|,
XeT1

 Qutput: C S Ps.t. Vo € Q:maxdist(p,m) — maxdist(c,m) < € - maxdist(p, m)
pEP ceC pEP
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Coreset for 1-Plane in R3

® m* is the plane that minimizes
O @ .
max dist(p, )
O DEP
O O




Coreset for 1-Plane in R3

® m* is the plane that minimizes
max dist(p, )
peP

7' IS the translation of 7* to
n*'s closest point p’

O
dist(p, ") < 2 - dist(p, ")




Coreset for 1-Plane in R3

7' IS the translation of 7* to
n*'s closest point p’

dist(p, ") < 2 - dist(p, ")




Coreset for 1-Plane in R3

i i’ 1S the translation of * to
n*'s closest point p’

m'’ is the rotation of '
around p’ to 's closest
point p”’

O
dist(p, ") < 2 - dist(p, ")

dist(p,m'") < 2 - dist(p, ") O




Coreset for 1-Plane in R3

O
® " is the rotation of '
® o @ around p’ to 's closest
dist(p, ") < 2 - dist(p, ") point p”

® o
dist(p,n"’) < 2 -dist(p, ")



Coreset for 1-Plane in R3

O
dist(p, ") < 2 - dist(p, ")

® o
dist(p,n"’) < 2 -dist(p, ")
dist(p,n""") < 2 -dist(p,n'"")

m'’ is the rotation of '
around p’ to 's closest
point p”’

m'"" is the rotation of "’
around p’ — p"’ to "’s closest
point p'"’



Coreset for 1-Plane in R3

O
dist(p,n') < 2 -dist(p, ™) O
dist(p,t"") < 2 - dist(p, ") O """ is the rotation of "’
around p’ — p"’ to "’s closest

dist(p,n""") < 2 -dist(p,n'"")
dist(p, ") < 8 - dist(p, ™)

rr

point p



Coreset for 1-Plane in R3

Find """ by exhaustive search
over every triplet of points.

0(n3)

———

PT = maxdist(p, ")
pEP



Coreset for 1-Plane in R3

Find """ by exhaustive search
over every triplet of points.

0(n3)

Build a grid of planes with
e - OPT distance



Coreset for 1-Plane in R3

Find """ by exhaustive search
over every triplet of points.

0(n3)

Build a grid of planes with
e - OPT distance

Project each point onto
it’s closest plane



Coreset for 1-Plane in R | |
Vp € m;: dist(p,m) = w - dist(p, ¥;)

L;,=m,Nm




_ : 3
Coreset for 1-Plane In R Vp € e distlp. ) = 6 - dist(p, £,

L;,=m,Nm

— Compute a 1-Line coreset C;
for each plane m;!

C= UC,

since a union of two
coresets IS a coreset.




Coreset for Hyperplane in R®

Mperplane(] oreset(P.d):
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* h' « an a-approximation for the optimal hyperplane of P.




Coreset for Hyperplane in R®

ﬁperplanec oreset(P,d):

* h' « an a-approximation for the optimal hyperplane of P.
« OPT = max dist(p,h').
p

o




Coreset for Hyperplane in R®

ﬁperplanec oreset(P,d):

* h' « an a-approximation for the optimal hyperplane of P.
« OPT = max dist(p,h').
p

« ht «the vector that is orthogonal to h'.

o




Coreset for Hyperplane in R®

6perplane€ oreset(P.d): \

h' < an a-approximation for the optimal hyperplane of P.
OPT = max dist(p,h").
p

ht «the vector that is orthogonal to h'.
Construct a grid on ht whose cell length is € - OPT.

\_ /




Coreset for Hyperplane in R®

mloerplanec oreset(P,d): \

* h' « an a-approximation for the optimal hyperplane of P.
« OPT = max dist(p,h").
p

« h' «the vector that is orthogonal to h'.
« Construct a grid on h*+ whose cell length is € - OPT.

« Through each grid point construct a hyperplane parallel to /'. (#Hyperplanes = E)

€

\_ /




Coreset for Hyperplane in R®

mperplanec oreset(P,d):

h' < an a-approximation for the optimal hyperplane of P.
OPT = max dist(p,h').
p

ht «the vector that is orthogonal to h'.

Construct a grid on ht whose cell length is € - OPT.

Through each grid point construct a hyperplane parallel to /'. (#Hyperplanes =
Compute the projection p’ of each point p € P onto it’s closest hyperplane h.,.

o

~

)

/




Coreset for Hyperplane in R®

MperplaneC oreset(P,d):

h' < an a-approximation for the optimal hyperplane of P.
OPT = max dist(p,h’).
p

ht «the vector that is orthogonal to h'.
Construct a grid on h+ whose cell length is € - OPT.
Through each grid point construct a hyperplane parallel to /'. (#Hyperplanes =

Compute the projection p’ of each point p € P onto it’s closest hyperplane h.,.
H, <an R*4~1 matrix whose columns span h, and H H,, = I.

\_

~

)
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Coreset for Hyperplane in R®

mperplanec oreset(P.d): \

* h' « an a-approximation for the optimal hyperplane of P.
« OPT = max dist(p,h').
p

e ht «the vector that is orthogonal to h'.
« Construct a grid on h+ whose cell length is € - OPT.

« Through each grid point construct a hyperplane parallel to 1'. (#Hyperplanes = E)

€
« Compute the projection p" of each point p € P onto it’s closest hyperplane h,,.
* H, <an RY*?~1 matrix whose columns span h, and H H,, = I.
* P'={H,p'|p € P}.

\_ /




Coreset for Hyperplane in R®

mperplanec oreset(P.d): \

* h' « an a-approximation for the optimal hyperplane of P.
« OPT = max dist(p,h').
p

e ht «the vector that is orthogonal to h'.
« Construct a grid on h+ whose cell length is € - OPT.

« Through each grid point construct a hyperplane parallel to 1'. (#Hyperplanes = E)

€
« Compute the projection p" of each point p € P onto it’s closest hyperplane h,,.
* H, <an RY*?~1 matrix whose columns span h, and H H,, = I.
* P'={H,p'|p € P}

\Call HyperplaneCoreset(P',d — 1). /




Coreset for Hyperplane in R®

Total time:
0(n%)

Coreset size:

1 0(d)
<[}
€




Coreset for Hyperplane in R®

Total time:

0 (n

)

Coreset size:

1
|C|S<

€

>0(d)

Improvement:

Run the above algorithm using the streaming tree.

. 1\ 0(d)
Run on batches of size 2 - |C| < 2 (Z) .
Total time:

1 0(d?)
O(n - TimeForBatch) =0| n- <E>
Error for streaming tree:

The error increases to (1 + €)!°8"~(1 + e logn)
— Run with ¢’ = —

logn



Coreset for 1-Line parallel to z-axis in R>

* Input: P C R’
e Query space: Q ={f | ¢isalinein R3 parallel to the z-axis}

» Cost function: dist(p,?) = meiglllp — x|,
X

 Qutput: C S Ps.t. VP € Q:maxdist(p,¥) — maxdist(c,?) < € - maxdist(p,?)
pEP ceC pEP
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Coreset for 1-Line parallel to z-axis in R>

* Input: P C R’
e Query space: Q ={f | ¢isalinein R3 parallel to the z-axis}

» Cost function: dist(p,?) = meiglllp — x|,
X

 Qutput: C S Ps.t. VP € Q:maxdist(p,¥) — maxdist(c,?) < € - maxdist(p,?)
pEP ceC pEP
C L - @
._ ___________ I
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@.
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Coreset for 1-Line parallel to z-axis in R>
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Coreset for 1-Line parallel to z-axis in R3

proj(p, xy)
Y Notice that:
) dist(p,?) = dist(p', ps)
l
® o T\ O £ N xy-plane
0 I
O
O , .
® v
P @
O
O



Coreset for 1-Line parallel to z-axis in R>

proj(p, xy)
¢ Notice that:
) dist(p,?) = dist(p', pe)
l
; ’\ £ N xy-plane

— Project points onto xy-plane
P={p |peP}




Coreset for 1-Line parallel to z-axis in R>

proj(p, xy)
¢ Notice that:
dist(p,?) = dist(p', pe)
l

£ N xy-plane

— Project points onto xy-plane
B P'={p'|peP}

— Compute a 1-Center coreset C’
for P’




Coreset for 1-Line parallel to z-axis in R>

proj(p, xy)
¢ Notice that:
dist(p,?) = dist(p', pe)
l
O £ N xy-plane

— Project points onto xy-plane
............. P={p'|peP}

— Compute a 1-Center coreset C’
for P’

— Return to original data
c'-C




Coreset for 1-Line parallel to z-axis in R>

Ve € 0:maxdist(p, £) — maxdist(p, £ proj(p, xy)
¢ PEP ®,%) peC .4 4 Notice that:
dist(p,?) = dist(p’, p,)
}
@ £ N xy-plane

— Project points onto xy-plane
............. P={p'|peP}

— Compute a 1-Center coreset C’
for P’

— Return to original data
c'-C




Coreset for 1-Line parallel to z-axis in R>

V¢ € Q: maxdist(p, ) — maxdist(p,? proj(p, xy)
¢ peEP ®,%) peC ’(p ) £ Notice that: /‘
= max dist(p, pe) — max dist(p’, pe )}/ dist(p, ) = dist(p/, zIe)
@ £ N xy-plane

— Project points onto xy-plane
............. P={p'|peP}

— Compute a 1-Center coreset C’
for P’

— Return to original data
c'-C




Coreset for 1-Line parallel to z-axis in R>

V¢ € Q:maxdist(p, £) — maxdist(p, £ proj(p, xy)
¢ peEP @ 4) peC ’(p ) ? Notice that:
= Iax dist(p’,pe) — max dist(p’, pe) dist(p, ) = dist(p’,}I,g)
< e- max dist(p’, p,)
\P’EP’ ! 1 @ £ N xy-plane

C' is a 1-Center coreset

— Project points onto xy-plane
RN P, — {p, | p E P}

— Compute a 1-Center coreset C’
for P’

— Return to original data
c'-C




Coreset for 1-Line parallel to z-axis in R>

Ve € Q: r}gleag dist(p, ) — rlgleacx dist(p, ?)

= max dist(p', pg) — max diSt(P',Pf)
p'ep’ p'ec’

< e-maxdist(p’,p,)
p’EP’

=€ r}gleag( dist(p, )

— Compute a 1-Center coreset C

proj(p, xy)
Notice that:
dist(p,?) = dist(p', pe)
|
£ N xy-plane

— Project points onto xy-plane

P ={p |peP}

for P’

— Return to original data

C'->C



Coreset for 1-Line in RS

* Input: P Cc R3
* Query space: Q ={f|Lisalinein R>}

» Cost function: dist(p,?) = meiglllp — x|,
X

 Qutput: C S Ps.t. VP € Q:maxdist(p,¥) — maxdist(c,?) < € - maxdist(p,?)
pEP ceC pEP
C O
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@
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* Input: P Cc R3
* Query space: Q ={f|Lisalinein R>}

» Cost function: dist(p,?) = meiglllp — x|,
X
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Coreset for 1-Line in RS

* Input: P Cc R3
* Query space: Q ={f|Lisalinein R>}

» Cost function: dist(p,?) = meiglllp — x|,
X

 Qutput: C S Ps.t. VP € Q:maxdist(p,¥) — maxdist(c,?) < € - maxdist(p,?)
pEP ceC pEP

N |
o%‘




Coreset for 1-Line in RS

* Input: P Cc R3
* Query space: Q ={f|Lisalinein R>}

» Cost function: dist(p,?) = meiglllp — x|,
X

 Qutput: C S Ps.t. VP € Q:maxdist(p,¥) — maxdist(c,?) < € - maxdist(p,?)
pEP ceC pEP




Coreset for 1-Line in R3

Similar to the problem in R?,
there is a line #'' that passes through
2 points of the data and Is a

P ® 4-approx. to the optimal line £*.

dist(p,?"") < 4 - dist(p, £*)

£* 1s the line that minimizes

/ O )
Izqueag dist(p, )

£’ is the translation of £* to
£*'s closest point p’

O £'" is the rotation of ¢’
around p’ to #"'s closest
point p”’



Coreset for 1-Line in RS

Find £’ by exhaustive search
over every pair of points.

0(n?)
f” .




Coreset for 1-Line in RS

Find £’ by exhaustive search
over every pair of points.

0(n?)

£/I ]
® Project onto the plane 7
® perpendicular to £"'




Coreset for 1-Line in RS

£II .

Find £’ by exhaustive search
over every pair of points.

0(n?)

Project onto the plane
perpendicular to £

Build a grid with
distances € - OPT



Coreset for 1-Line in RS

Find £’ by exhaustive search
over every pair of points.

0(n?)

£ ® Project onto the plane 7
® perpendicular to £"'

Build a grid with
distances € - OPT

Through each grid point
draw a line parallel to "



— Through each grid point draw a |

y

\XE
e

Ine parallel to £"



7

— Through each grid point draw a line parallel to £

— Project each point onto closest line

€
/e-T

~3




Distance between p € £ and ¢’

Top view

6 is the angle between
the line directions




Top view

Distance between p € £ and ¢’

0 is the angle between T %

the line directions



Top view

Distance between p € £ and ¢’

0 is the angle between T %

the line directions



Distance between p € £ and ¢’

point on the line that
spans the shortest distance
between ¢ and ¥’ “T—— C’

{’

Top view

6 is the angle between
the line directions




Top view

Distance between p € £ and ¢’

point on the line that

spans the shortest distance

between ¢ and ¥’ “T—— C’
\

I N\ £,
0 o)
dist(¢,¢")! .\ dist(p, ')

sin 6 ------------------

0 is the_ angl_e be?ween ----------- ~" S dist(p, ') = sin @ - dist(p, )
the line directions
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— Through each grid point draw a line parallel to £

— Project each point onto closest line

€
/e-T

~3




— Through each grid point draw a line parallel to £

— Project each point onto closest line

- Vp’ € fi:
dist(p',?f) = w - dist(p’, c;)

PT

€
/EOFFT




— Through each grid point draw a line parallel to £

— Project each point onto closest line

- Vp’ € fi:
dist(p',?f) = w - dist(p’, c;)

———

XE. PT
/6-5137

— Compute a 1-Center
coreset C; for each line #;!

C= UCl



Coreset for j-subspace in R¢

Claim 1:

Let S be an r-dimensional subspace of R¢ and let L be an (r + j)-dimensional
subspace of R that contains S. Let V be a j-dimensional subspace of R. Then
there is an orthogonal matrix U such that Ux = x forevery x € S, and Uc € L for
everyc e V.

Claim 2:

Let A € R™4 pe a matrix of rank r and let L be an (r + j + 1)-dimensional
subspace of R that contains the row vectors (4;,) for every 1 < i < n. Then for
evert affine j-dimensional subspace V of R? there is a corresponding affine ;-
dimensional subspace V' € L such that for every i € [n] we have

diSt(Ai*; V) — diSt(Ai*; V,)




Coreset for j-subspace in R¢

r=j=1




Coreset for j-subspace in R¢

r=j=1 | L contains S




Coreset for j-subspace in R¢

r=j=1 | L contains S




Coreset for j-subspace in R¢
.

r=j=1 | L contains S




Coreset for j-subspace in R¢

r=j=1 L contains S

L contains

>~ Vhew ={Uc | c eV}




Coreset for j-subspace in R¢

@JbspaceCo reset(P,j):
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« Construct a grid on h+ whose cell length is € - OPT.
« Through each grid point construct an affine j-subspace parallel to h'.

#JSubspaces = O((E)d_j)

€

o




Coreset for j-subspace in R¢

ﬁbspaceCo reset(P, j): \
* h' < an a-approximation for the affine j-subspace center of P.
« OPT = max dist(p,h').
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« ht «the affine d — j-subspace that is orthogonal to h’.
« Construct a grid on ht whose cell length is € - OPT.
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ﬁbspaceCo reset(P, j): \
* h' < an a-approximation for the affine j-subspace center of P.

 OPT = maxdist(p,h').
peP

e ht «the affine d — j-subspace that is orthogonal to h’.
« Construct a grid on h*t whose cell length is € - OPT.
« Through each grid point construct an affine j-subspace parallel to /'.

#JSubspaces = O ((E)d_j)

€

- Compute the projection p’ of each point p € P onto it’s closest affine j-subspace h,,.
* Hp, <an R%*J matrix whose columns span h,, and Hng = I.
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SubspaceCoreset(P, j):
* h' < an a-approximation for the affine j-subspace center of P.

 OPT = maxdist(p,h').
peP

« ht «the affine d — j-subspace that is orthogonal to h’.
« Construct a grid on ht whose cell length is € - OPT.
« Through each grid point construct an affine j-subspace parallel to /'.

#JSubspaces = O <(3)d_j>.

€
- Compute the projection p’ of each point p € P onto it’s closest affine j-subspace h,,.
* Hp, <an R%*J matrix whose columns span h,, and Hng = I.
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/ﬁjbspaceCo reset(P, j):
* h' < an a-approximation for the affine j-subspace center of P.

 OPT = maxdist(p,h').
peP

« ht «the affine d — j-subspace that is orthogonal to h’.
« Construct a grid on ht whose cell length is € - OPT.
« Through each grid point construct an affine j-subspace parallel to /'.

#JSubspaces = O <(§)d_j>.

- Compute the projection p’ of each point p € P onto it’s closest affine j-subspace h,,.
. H «an RY*J matrix whose columns span h,, and HTH = I.

» P'={H,p'|p € P}.

\Call HyperplaneCoreset(P',j). /




